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Fq-Frobenius nonclassical curves

X : F (x , y) = 0 F (x , y) ∈ Fq[x , y ]

Proj., abs. irreducible, algebraic plane curve in P2(Fq) defined over Fq

Fq-Frobenius nonclassical :

F (x , y) divides (xq − x)
∂F

∂x
+ (yq − y)

∂F

∂y

⇐⇒ for any simple point P = (a : b : c) ∈ X ,

Φq(P) = (aq : bq : cq) lies on the tangent line to X at P

example: F (x , y) = xq+1 + yq+1 + 1
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Fq-Frobenius nonclassical curves: many Fq-rational points

X : F (x , y) = 0 F (x , y) ∈ Fq[x , y ]

p : characteristic of Fq

g : genus of X
d = deg(F ) : degree of X
Nq : number of Fq-rational points of X

Stohr-Voloch(1986): Nq ≤ ph(2g − 2) + (q + 2)d

2

h > 0 ⇐⇒ X is Fq-Frobenius nonclassical

−→ curves with many rational points

good AG codes

...
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Fq-Frobenius nonclassical curves: minimal value set polys

f (x) ∈ Fq[x ] nonconstant value set : Vf = {f (α) : α ∈ Fq}⌊
q − 1

deg(f )

⌋
+ 1 ≤ |Vf | ≤ q

minimal value set polynomial (MVSP): |Vf | =
⌊

q−1
deg(f )

⌋
+ 1

example: f (x) = xd , d | (q − 1)

Carlitz et al. (1961), Mills (1964), Wan et al. (1993),

Borges (2016), Borges-Conceicao (2018), Borges-Reis (2021, 2025)...

results on MVSPs in terms of Vf ⊂ Fq

q = pk classification of MVSPs for k ≤ 3

Borges (2016):

MVSPs over Fq ⇐⇒ certain Fq-Frobenius nonclassical curves
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Fq-Frobenius nonclassical curves: minimal value set polys

f (x), g(x) ∈ Fq[x ] \ Fq

X : g(y) = f (x) absolutely irreducible curve

X Fq-Frob. nonclassical =⇒ f (x), g(x) are MVSPs, Vf = Vg

f (x), g(x) MVSPs, Vf = Vg , |Vf | > 2 or |Vf | = 2 = p

=⇒ X is Fq-Frob. nonclassical

Borges-Reis (2021): classification of MVSPs over Fp3 =⇒

X : yn = f (x) abs. irred., 1 < n < p3 − 1, is Fp3-Frob. nonclassical

if and only if n = p2 + p + 1 and

f (x) = αxp
2+p+1 + βxp

2+p + βpxp
2+1 + βp2xp+1 + γp

2
xp

2
γpxp + γx + δ
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Fp3-Frobenius nonclassical curves y
n = f (x), n < p3 − 1

Up to Fp3-projective equivalence

Xi : yp
2+p+1 = fi (x) i = 0, 1, 2

f0(x) = xp
2+p+1 + 1 f1(x) = xp

2
+ xp + x f2(x) = xp

2+1 + xp

For Xi , i = 0, 1, 2, we compute:

number |Xi (Fp3)| of Fp3-rational points

genus g(Xi )

Automorphism group Aut(Xi ) =
{
φ : Xi → Xi Fp3-birationalities

}
p-rank γ(Xi )

a-number a(Xi )
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Properties of X0 : y p
2+p+1 = xp

2+p+1 + 1

X0 : yp
2+p+1 = xp

2+p+1 + 1

Fermat curve over Fp3 =⇒ well-studied curve: all previous results

|X0(Fp3)| = p5 − p3 − p2 + 1 (old)

g(X0) =
1
2

(
p4 + 2p3 − p

)
(old)

Aut(X0) ∼= (Cp2+p+1 × Cp2+p+1)⋊ Sym(3) (old)

γ(X0) =
1
8

(
p4 + 2p3 + 3p2 + 2p

)
(Borges-Goncalves 2024)

a(X0) =
1
4

(
p4 + 4p3 + 5p2 + 2p

)
(Montanucci-Speziali 2018)
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Properties of X1 : y p
2+p+1 = xp

2

+ xp + x

X1 : yp
2+p+1 = xp

2
+ xp + x

norm-trace curve over Fp3 =⇒ well-studied curve: some previous results

|X1(Fp3)| = p5 + 1 (old)

g(X1) =
1
2

(
p4 + p3 − p2 − p

)
(old)

Aut(X1) ∼= (Cp × Cp)⋊ Cp3−1 (Bonini-Montanucci-Zini 2020)

γ(X1) = 0 (old)

a(X1) =
1
12

(
3p4 + 2p3 − 3p2 − 2p

)
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Properties of X2 : y p
2+p+1 = xp

2+1 + xp

X2 : yp
2+p+1 = xp

2+1 + xp

|X2(Fp3)| = p5 + p3 + p2 + 1

g(X2) =
1
2

(
p4 + p

)
Aut(X2) ∼= Cp4+p2+1 ⋊ C2

γ(X2) =
1
8

(
p4 + 2p3 + 3p2 + 2p

)
a(X2) =

1
12

(
3p4 − 2p3 − 3p2 + 2p

)

Giovanni Zini (Unimore) Frobenius nonclassical curves June 11, 2026 9 / 10



Properties of X2 : y p
2+p+1 = xp

2+1 + xp

X2 : yp
2+p+1 = xp

2+1 + xp

|X2(Fp3)| = p5 + p3 + p2 + 1

g(X2) =
1
2

(
p4 + p

)
Aut(X2) ∼= Cp4+p2+1 ⋊ C2

γ(X2) =
1
8

(
p4 + 2p3 + 3p2 + 2p

)
a(X2) =

1
12

(
3p4 − 2p3 − 3p2 + 2p

)

Giovanni Zini (Unimore) Frobenius nonclassical curves June 11, 2026 9 / 10



Automorphism group of X : y q
2+q+1 = xq

2+1 + xq

X : yq
2+q+1 = xq

2+1 + xq

λ ∈ Fq6 λq4+q2+1 = 1 primitive

σλ : (x , y) 7→ (λq2+q+1x , λqy) τ : (x , y) 7→ (1/x , y/x)

G := ⟨σλ, τ⟩ ≤ Aut(X ) τστ = σq3 G ∼= Cq4+q2+1 ⋊ C2

Result: G = Aut(X ) ⇐= Aut(X ) acts on
{
P(0,0),P∞

}
Tools:

One-point stabilizers: Aut(X )P ∼= (Sylow p-subgr) ⋊ (p′-cyclic gr)

Group actions; structure of the orbits when |Aut(X )| > 84(g(X )−1)

Weierstrass semigroups H(P)

Quotient curves of X , Riemann-Hurwitz formula

Merci!
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