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@ Symbol-MAP decoding is very robust, but usually very

inefficient. Hence, this is a “best case” for a family to be
capacity achieving.



Code Permutation Groups

Background

Conditions for

Capacity

Achieving . .

Cyclic Codes Code Permutations: Given a code C of length n, the
Ef;i;nff of automorphism group of C is given by

Achievin;g

Coder e Perm(C)={P¢€ S, |VceC, cPeC}.

References




Bl:NEIEEI::'rm}: Code Permutation Groups

COLLEGE

Eod g Although Perm(C) is defined based on the action on the
Sl codewords, we consider the action of Perm(C) on the set

Capacity

o e {0,...,n -1}, the position coordinates of C.

Existence of
Capacity
Achieving
Binary Cyclic
Codes

References



Code Permutation Groups

Eaceiennd Although Perm(C) is defined based on the action on the
Sedel  codewords, we consider the action of Perm(C) on the set

Capacity
Achieving {0,...,n -1}, the position coordinates of C.

Cyclic Codes

Existence of

s Define Gy < Perm(C) to be the stabilizer of the 0 coordinate of

Achieving H
Binary Coclic codewords in C.

Codes

References



mnemerne COde Permutation Groups

Eaceiennd Although Perm(C) is defined based on the action on the

Sl  codewords, we consider the action of Perm(C) on the set
Achievi _ 1+ 1
ol 8 e {0,...,n -1}, the position coordinates of C.

Existence of

s Define Gy < Perm(C) to be the stabilizer of the 0 coordinate of

Achieving H
Binary Coclic codewords in C.

Codes

References o If for every i,j €{0,...,n—1} there is some P € Perm(C)
such that P(7) = j then Perm(C) is transitive.



mnemerne COde Permutation Groups

Eaceiennd Although Perm(C) is defined based on the action on the

Sl  codewords, we consider the action of Perm(C) on the set
Achievi _ 1+ 1
ol 8 e {0,...,n -1}, the position coordinates of C.

Existence of

s Define Gy < Perm(C) to be the stabilizer of the 0 coordinate of

Achieving H
Binary Coclic codewords in C.

Codes
References o If for every i,j € {0,...,n—1} there is some P € Perm(C)
such that P(7) = j then Perm(C) is transitive.

e If Gy is transitive on the set {1,...n -1} then Perm(C) is
doubly transitive.
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Let m,, denote the smallest orbit size of any index under the
action of Gg.

Theorem 2 (Kumar, Calderbank, and Pfister 2016): If
Perm(C,,) is transitive for each n and m,, - oo then {C,} is
capacity achieving on the g-ary erasure channel under bit-MAP
decoding.



Bnuzmcﬂu}: Permutations and Capacity Achieving Codes

Background

Conditions for
Capacity
Achieving
Cyclic Codes

Existence of
Capacity
Achieving
Binary Cyclic
Codes

References

Let m,, denote the smallest orbit size of any index under the
action of Gg.

Theorem 2 (Kumar, Calderbank, and Pfister 2016): If
Perm(C,,) is transitive for each n and m,, - oo then {C,} is
capacity achieving on the g-ary erasure channel under bit-MAP
decoding.

@ We refer to this condition as the “Transitivity + Orbit”
condition.
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The permutation 7 ensures that Perm(C) is transitive, while ¢
(called the Frobenius automorphism) is a permutation which
stabilizes the first position.
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Proof of Theorem 4

Transitivity is free!

Let p,, be the least prime divisor of IV,, and %, the largest
integer such that ¢’ < p,.

By Lemma 1, the smallest orbit size for in IV, is that of the
least orbit induced on one of the prime divisors of IV,,.

For each prime dividing N,, the t defined in Lemma 2 is a lower
bound on the size of the orbit induced by that prime. Each of
which is bounded below by ¢,,.

By assumption, p, — oo and q is fixed, meaning that ¢, — oo.
Therefore {C,,} satisfies the Transitivity + Orbit condition and
is capacity achieving on the g-ary erasure channel under
MAP-decoding. my
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@ In practice, showing that an {N,,} admits a family of
codes with r € (0,1) is as difficult as showing that it
satisfies the increasing minimal prime divisor condition.
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Lemma 3: Let {IV,,} be a sequence of increasing odd integers.

It ordy, (2)
Np

a family of cyclic codes {C,,} with lengths {N,,} and rates

converging to r.

— 0 then for any rational r € (0,1) there exists

Remark:

@ The proof of Lemma 3 depends on a bin packing
argument to form a generating polynomial that defines a
code with approximately the correct rate.

o If {N,} satisfies both Lemma 3 and the Transitivity +
Orbit condition then we may construct capacity achieving
codes with any rate.
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References n <06.

Remark: In particular, 2" — 1 has a primitive prime divisor for
n > 6 which will allow us to control ord,(2).
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For any sequence {m,,} of increasing composite natural
numbers we may find a sequence {N,,} by:

@ Define {b,} to be a sequence of proper divisors of {m,, }
such that b, > /m,
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For any sequence {m,,} of increasing composite natural
numbers we may find a sequence {N,,} by:

@ Define {b,} to be a sequence of proper divisors of {m,, }
such that b, > /m,
o Define A, :={a|ais prime, a <lg(my,)}
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For any sequence {m,,} of increasing composite natural
numbers we may find a sequence {N,,} by:

@ Define {b,} to be a sequence of proper divisors of {m,, }
such that b, > /m,

o Define A, :={a|ais prime, a <lg(my,)}

e Let {N,} be a sequence of integers such that N, is a
factor of 2™ — 1 which is divisible by at least one primitive
prime of 2™ — 1, one primitive prime of 2’ — 1, and is
relatively prime to a for all a € A,,.
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For any sequence {m,,} of increasing composite natural
numbers we may find a sequence {N,,} by:

@ Define {b,} to be a sequence of proper divisors of {m,, }
such that b, > /m,

o Define A, :={a|ais prime, a <lg(my,)}

e Let {N,} be a sequence of integers such that N, is a
factor of 2™ — 1 which is divisible by at least one primitive
prime of 2™ — 1, one primitive prime of 2’ — 1, and is
relatively prime to a for all a € A,,.

Remark: It is always possible to make such a construction.
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By construction, we know that NN, > m,,/m,, meaning

lim 2 = 0. So, Lemma 3 applies and there is a sequence of

n—00 (i

binary cyclic codes with lengths N,, and rates converging to r.
Therefore, Theorem 4 applies and the sequence of codes is
capacity achieving. O
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is known of the code structure.
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