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Cayley graphs

Definition

Let G be a group and S a subset of G. The

Cayley graph Cay(G, S) is the graph whose /_*gs

vertices are the elements of G, and where two g G

vertices g, h are connected by an edge if and
only if there exists an element s € S such that
h = gs.

Fix G = F} abelian.
@ Every element is an involution — the graph is undirected.
o The adjacency matrix A satisfies A2 = 0 <= |S| even.
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The homology of a Cayley graph

Definition (Quantum CSS code)

A quantum CSS code C = (Cx,Cz) is defined by two matrices Hx and
Hz such that rowspan(Hx) L rowspan(Hyz).

Hx = , Hz =

The two codes Cx and Cz are ker Hx/Im H}— and ker Hz/Im H;,
respectively.
Alternatively, we can define C as the (co)homology of the chain complex:

HT
(O —Z—>FQE<—>IFZZ, here: Hx = Hz = A.

A:F2 — F2', such that A2 =0 — A CSS code C.
Parameters [[n, k, d]] where n = |G| =2", k = dimker A/ImA and d is

the minimum weight of a non-trivial homology class.
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History

e MacKay et al. (2007): Cay(F%,S), where S is the set of columns of a
parity-check matrix H of a classical code
— quantum LDPC codes.

e Couvreur, Delfosse, and Zémor (2013): studied the parameters of C in
the case of repetition code [r, 1, r] and obtained [[27,232,23]].
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Barg, Zémor (2022) give necessary conditions for high rate quantum codes:

Let Cay(FF5, S) be a Cayley graph over F; with set of generators S. Let C
be the quantum code obtained as homology of the adjacency matrix A(T).
Then

Q@ R(C) >0 = |S] and all row-weight of H are even; (Lowzow)
@ R(C)>(1-2"K),k=23,... = (c1)y* Ve

What about the converse?
Contribution:

@ is an equivalence;
@ is not a sufficient condition.
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Group algebras

Given A the adjacency matrix of a Cayley graph:
A3 ={f:F3 = Fo} @[5 = Foly1, ..., yl/0f = 1,0 = 1)
= A :=f is an element in the quotient ring.

Example
The construction coming from the repetition code of length n = 2"

corresponds to the polynomial
r r
f=1+ Zy,'JrHy,',
i i

if we apply x; = y; + 1:

f= E m, m monomial.
deg m>2

R
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— Apply
xi=yi+1
and study the homology H(f) where f € Fa[xi,...,x/]/{x?).

Definition

The valuation v(f) of a polynomial f is the minimum degree of its
monomials.

Reformulation of the theorem
C is the homology of f, then
QO R(C)>0<«= v(f)>2
Q@ R(C)>(1—-21"9),k=2,3,--- = v(f) > k.

A\
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Characterization of non-trivial quantum codes over [

Theorem (T., Zémor)

Let f € Fa[x1,...,x]/(xZ,...,x?) and C the quantum code obtained as
homology of the adjacency matrix A defined by f. Then

R(C) >0 < v(f)>2.

o If f = xq, then kerf =Imf,

o If f = xyx2, then ker f is generated by x; and x, while Im f is
generated by x;x2. Hence dim(H(f)) =3 —-1=2;

o If f =x1+ g also kerf =Imf,

o If f = x1xp + x3g then, 0 # x1x3 € H(f).

We showed that dim H(f) > dim H(g) when f = x,h + g.
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Some simple cases

Proposition

Let f = g+ h,v(g),v(h) > 1 and g, h defined on disjoint sets of variables.
Then

dim(H(f)) = dim(H(g)) - dim(H(h)).

For instance, if f = x1x0 + X3x4x5, then
H(f) = H(x1x2)®@H(x3x4x5) = Span({x1, x2 } Xx{x3, x4, X5, X3Xa, Xa X5, X3X5 } ).

In particular, the second condition is too weak.

The polynomial f = x3x0x3 + XaX5Xs + x7xgxg defines the quantum code
H(f) of rate

R(H(F) = SMEID) (238_2>3 - (%)3 <1

T = = — e
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When things are tracteble: the quadratic case

Quadratic forms over finite fields are well-classified.

In the square-free case there is only one non-degenerate form.

The tensor rank of a quadratic form is the minimal number of monomials
of degree 2 needed to write it, and it is at most [r/2].

Corollary (T., Zémor)

A quadratic form of algebraic (tensor) rank k < r/2 has homology of
dimension 27k,

More precisely, the homology of such quadratic forms is explicitly
generated by the monomials:

S = {X,'IX,'2 C Xy X divides mj, 1:#£ Xi; #+ mj,deg m; = 2} ® R,

where R is the remaining space.
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Many polynomials are quadratic forms

There exists a quasi-linear isomorphism that reduces many other
polynomials to quadratic forms (including the repetition code).

Let f = g + f be a a square-free polynomial such that v(f) > 3, g a full

rank quadratic form, and f does not involve any variable not appearing in
g. Then we can write f = fifob + - - - + fox_1fo such that

fi = xi(1 + h;) + gi with v(g;) > 2 and v(h;) > 1 and both not involving
the variables x; for j < i.

Corollary

The dimension of the homology of any polynomial that contains a full rank
quadratic form is 277k,

v
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And cubic forms?

There exists a lower bound in terms of series of binomial series for the
dimension of the quantum code defined by homogeneous polynomials of
degree k.

@ k =2 the bound is tight and depends on the algebraic tensor rank.

e k=3:

R(C) >3 r odd
R(C)>2 35 1 reven.

The bound is close to optimal, but not tight for all values of r (e.g.
r=1,9).
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Unsolved problems

e For quartic forms, we obtain the following bound:
R(C) > "
Where ( is the largest eigenvalue of the matrix

0 4 6 4

—4 0 4 6
-6 —4 0 4
—4 -6 -4 0

What about higher degree forms?
@ The minimum distance of such quantum codes.
For quadratic forms of maximal algebraic rank it equals 217/2!.
Is it the same for all polynomials containing a full rank quadratic
form? What about higher dimensional forms?
@ How does the dimension behave for inhomogeneous polynomials?
@ Dimension Rank <> Tensor Rank for cubic forms?
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