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GROUP CODES AND GROUP ALGEBRAS




Group codes and group algebras

Preliminaries

e G is a finite group

o I, is the field of 4 elements (¢ a prime power)

Definition. The group algebra F,[G] is the F,-vector space

F,[G] = {Zagg Doy € ]Fq}

gEG

with basis the elements of G, and equipped with

(o) () -z

Remark. (F,[G], +, -) is a ring. Moreover, As F,-vector space, it holds F,[G] = F)¢.
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Definition. The group algebra F,[G] is the F,-vector space

F,[G] = {Zagg Doy € ]Fq}
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with basis the elements of G, and equipped with

(o) () -z

Remark. (F,[G], +, -) is a ring. Moreover, As F,-vector space, it holds F,[G] = F)¢.

Definition. Let C C IF; be a linear code, and let G be a group of order n. Then C is called a (left)
G-code if there exists an isomorphism ¢ : F; — F,[G] such that ¢(C) is closed under (left)
multiplication of every g € G.

In other words, a (left) G-code is any (left) ideal of F,[G].



Group codes and group algebras

Group codes

Remark. There is a bijection between left and right ideals of IF,[G], so we only study left ideals.

Example. Consider the linear code C = {000000, 111111} C ]Fg. Then C is a >;-code, since we
can take the isomorphism ¢ : ]Fg — F»[X3] such that

armazasasag — ai () + ax(1,2) + asz(1,3) + as(2,3) + as(1,2,3) + as(1,3,2),

and ¢(C) = {0, () + (1,2) + (1,3) + (2,3) + (1,2,3) + (1, 3,2)} is certainly an ideal.

Observe that C is also an abelian group code, since it is a Cs-code.
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» Group codes generalise cyclic codes: any cyclic code of length n is a C,-code.

» Reed-Solomon and Reed-Muller codes are abelian group codes (G-codes for some abelian G).
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Group codes

Remark. There is a bijection between left and right ideals of IF,[G], so we only study left ideals.

Example. Consider the linear code C = {000000, 111111} C ]Fg. Then C is a >;-code, since we
can take the isomorphism ¢ : ]Fg — F»[X3] such that

armazasasag — ai () + ax(1,2) + asz(1,3) + as(2,3) + as(1,2,3) + as(1,3,2),

and ¢(C) = {0, () + (1,2) + (1,3) + (2,3) + (1,2,3) + (1, 3,2)} is certainly an ideal.

Observe that C is also an abelian group code, since it is a Cs-code.

Notes.
» Group codes generalise cyclic codes: any cyclic code of length n is a C,-code.

» Reed-Solomon and Reed-Muller codes are abelian group codes (G-codes for some abelian G).
Remark. There are linear codes that cannot be realised as G-codes for some group G.

Theorem (Bernal, del Rio, Simon - 2009).
A linear code C is a G-code if and only if G < PAut(C) and G is transitive on {1, ..., n}.




Group codes and group algebras

Semisimple group algebras

Representation theory is a powerful tool to study group codes, i.e. ideals in F,[G].

Theorem (Maschke + Wedderburn-Artin). If 4 does not divide |G|, then F,[G] is semisimple, and

F,[G] = @) My (F, 1)
i=1

as F,-algebras, where |G| = nlry + - - - + n’r,.

Important consequences.
» Every ideal I C F,[G] verifies I = (M) @ - - - @ (M) with )/, in RREF.

» Whenever the Wedderburn-Artin’s decomposition of F, [G] is known, we can easily:
e enumerate all possible G-codes;

s
o compute the dimension over F, of any G-code, which is Z nir; rank(M;).

i=1

6]

» The minimum distance satisfies d(C) > —
dim(C)

(Borello, Willems, Zini - 2022).



Group codes and group algebras

Some group algebra decompositions

» Let C, be a cyclic group of order n, with (¢, n) = 1.

Ifx" — 1 =f---f €F,[x] with f; irreducible, then applying Chinese Remainder Theorem:

IF,,[C,,] = @queg(/‘/)
i=1

» Let G be an abelian group of order n, with (¢, n) = 1. For each d | n, set
a4 a primitive d-th root of unity
g = \Fq(ad) : Fq‘
ng the number of elements of order d in G

IX/
ag =
=7,

In virtue of the so-called Perlis-Walker Theorem (1950):

Rl = @ (F,, )"

d|n

But non-abelian group algebras have a richer algebraic structure, that may provide

codes with good parameters
post-quantum public-key encryption protocols



Group codes and group algebras

The dihedral group algebra decomposition

» Let D, be a dihedral group of order 2n, with (g, 2n) = 1.
Letx" — 1 =fi- - fifiq1 Sl - frts s € Fylx] with f; monic, irreducible, and
() = £(0)"'x?5%) . g (x™") (reciprocal polynomials)
satisfying fi =x— 1, =x+ lifniseven,andf; = f*, forevery 1 <j <r.

Set ¢((n) = 1ifnis odd, and ¢(n) = 2 if n is even. Brochero-Martinez proved in 2015:

s Fy @ Fy, if1<j<¢(n)
Fy[Da] = €D A, where 4; = ¢ Mo (Fq(a, + 0‘,-71)) , fCm) +1<j<r
. M (Fy(y)) fr+1<j<rts

where o is a root of f;. Note Fy () = F acg(;) and Fy(aj + ;') & F acgs)2-
q q
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The dihedral group algebra decomposition

» Let D, be a dihedral group of order 2n, with (g, 2n) = 1.
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. M (Fy(y)) fr+1<j<rts

where o is a root of f;. Note Fy () = F acg(;) and Fy(aj + ;') & F acgs)2-
q q

Example. Let g = 7 and n = 15, so G = D;s is a dihedral group of order 30. Then

o1 = =D @A) (8 E)
i h s 7
*(X4+§2X3+54X2+X+52)'(X4+£4X3+§2X2+X+§4),
fa i

where ¢ € F* is a generator, so r = 2 and s = 2. Note {(n) = 1. Hence
F;[Dis] = (F7 @ F7) @ M, (F2) & My (Fr) @ My (Fpa).
Ay Ay A3 Ay
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The dihedral group algebra decomposition

» Let D, be a dihedral group of order 2n, with (g, 2n) = 1.
Letx" — 1 =fi- - fifiq1 Sl - frts s € Fylx] with f; monic, irreducible, and
() = £(0)"'x?5%) . g (x™") (reciprocal polynomials)
satisfying fi =x— 1, =x+ lifniseven,andf; = f*, forevery 1 <j <r.

Set ¢((n) = 1ifnis odd, and ¢(n) = 2 if n is even. Brochero-Martinez proved in 2015:

. Fy @ Fy, if1<j<¢(n)
Fy[Da] = €D A, where 4; = ¢ Mo (Fq(a, +0‘;71)) , fCm) +1<j<r
. M (Fy(y)) fr+1<j<rts

where o is a root of f;. Note Fy () = F acg(;) and Fy(aj + ;') & F acgs)2-
q q

Remark. When g = 2" but n is odd, then the above isomorphism also works by simply replacing
A =Fy[G],

where C, denotes the cyclic group generated by [, ].

Hence we can consider both the semisimple case and this last situation, allowing in particular the
construction of binary codes.
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Dualities of dihedral codes

On dualities of group codes

1R

Remark. If the group algebra is descomposed as F,[G] M, (]Fq ), and
i=1

1L DI

with 7; an ideal of M,, (]qu,) for every 1 < i <s, then
resrteg..ort oand Ittt .. @i,

where the euclidean (hermitian) metric in F, [G] (]qu [G]) is the natural extension of that in (IF’;Z).

Hence, it is enough to find the dual (either euclidean or hermitian) of each 7; in M., (F,r; ).
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On dualities of group codes

1R

Remark. If the group algebra is descomposed as F,[G] M, (]Fq ), and
i=1

1L DI

with 7; an ideal of M,, (]qu,) for every 1 < i <s, then
resrteg..ort oand Ittt .. @i,

where the euclidean (hermitian) metric in F, [G] (]qu [G]) is the natural extension of that in (IF’;Z).

Hence, it is enough to find the dual (either euclidean or hermitian) of each 7; in M., (F,r; ).

The euclidean dual of a (left) dihedral code in F,[D,] was completely described by Vedenev and
Deundyak (2021) when (¢,n) = 1.

Question. Given a dihedral code I C F > [D,] with (¢,n) = 1,

can we obtain a complete description of its hermitian dual code 714 ?




Dualities of dihedral codes

A reformulation of the decomposition of F . [D,]

Given f = Zax € F 2 [x], its conjugate polynomial is 7 = Za"x‘
i=0 i=0

If (g,n) = 1, then we can factorise x" — 1 € F , [x] as follows:

S—1=T115 1155 11 65 116555

j€ly j€n j€R U3 JEy
where:
> jel < fi=fi=f" Inthiscase, f € {x—1,x+1}
> e = [#EL=S"
> jEh = fi=f#f
> jES = fi= £ #f
> jEL = fi.f and f;* are all different



Dualities of dihedral codes

A reformulation of the decomposition of F . [D,]

Given f = Zax € F 2 [x], its conjugate polynomial is 7 = Za"x‘

i=0 i=0

If (g,n) = 1, then we can factorise x" — 1 € F , [x] as follows:

“—1=T1s [1s5 11 557 1165755

j€ly JEN JE€R U, j€ly
where:
> jel < fi=fi=f" Inthiscase, f € {x—1,x+1}
> e = [#EL=S"
> jEh = fi=f#f
> jES = f :]j_* #f
> jE€Js < f,fandf" are all different

Example. Let ¢ = 3 and n = 16. Take a generator w of Fo. Then in Fo[x]:
Mol = =D+ D) (Fw) W) W) (W)
h f 3 f4 i /3*

e @) (P tw) (P e’) () (W),
=r; 5 fs 75 " Vi

soJy = {1, 2}, Nh=L=0 J;= {4} and Jy = {3, 5}.



Dualities of dihedral codes

A reformulation of the decomposition of F . [D,]

For (¢,n) = 1, consider the previous decomposition of X — 1inF  [x]. Take o; a root of ;.

Theorem. There exists an isomorphism of ]qu -algebras p : ]qu [Dn] — @Aj with

J

Fo®Fp» if j € Jo and ¢ odd
Fa[C] ifj € Jpand g = 2"
—1 - .
. M, (qu(a,- +o; )) ® M, (qu(a}f + o q)) ifj € Ji
Mo (Fa(ay) ifj € > Uy
Mo (Fa(a) @ M (Fa(af)) ifj € Ja

Note F > (a;) = IFqueng) >Fpo(af) and Fpo(oy + a}f‘) =~ ]queg(,‘-f) = Fo(of + o7 ).

» We used the isomorphism p to fully describe the hermitian dual of any D,-code over qu.



Dualities of dihedral codes

The hermitian dual of a D,-code

Assume (¢,n) = 1, and let C be a D,-code over ]qu. SetJ =JyUJ UJry UJs U Jy.

Theorem. If ¢ = 51, C €P4j, thencth = P I/L” C P4, where:
jel jels jel jel

(i) forj € Jy and g odd:
Fo®F, if=000
O@qu Iij:]qu@O

7t —
J ]qu@o if’j:OEBqu
050 iflj:qu@Iqu
(i) forj € Joand g =2":
qu[Cz] Iij =0



Dualities of dihedral codes

The hermitian dual of a D,-code

Assume (¢,n) = 1, and let C be a D,-code over ]qu. SetJ =JyUJ UJry UJs U Jy.

Theorem. If ¢ = 51, C €P4j, thencth = P I/L” C P4, where:
jel jels jel jel

(iv) forj € Jp:
A; it =0

B
=

=~
Il
>

b o)

1 A
{0 0’] > s A EF (o) = qudeg(/,)

deg(f)
) itg; =
0 0 '



Dualities of dihedral codes

The hermitian dual of a D,-code

Assume (¢,n) = 1, and let C be a D,-code over ]qu. SetJ =JyUJ UJry UJs U Jy.

Theorem. If ¢ = 51, C €P4j, thencth = P I/L” C P4, where:
jel jels jel jel

(v) forj € Js:
A; it =0

B
=

=~
Il
>

b o)

1 A
{0 0’] > s A EF (o) = qudeg(/,)

deg(f)
- =
0 0 '

Forj € J, U J4 the expression of I/L” is a bit more technique...



Dualities of dihedral codes

The hermitian dual of a D,-code

Example (continue). Let ¢ = 3and n = 16, so Jo = {1,2}, Ji=J, =0, J3 = {4} and
Js = {3,5}, with deg(fz) = 1, deg(fs) = 2 and deg(fs) = 1. We have

IR=

Fo[Dis] =2 (Fo ® Fo) @ (Fo @ Fo) ® M, (Fo) ® (My (Fo) & My (Fo)) ® (M2 (Fz) & My (F2)).
Ay A Ay A3 As

Set Fy* = (w) and ]ngz = (v). Consider as C the following D1s-code over Fy:
o~ 1w 00 11 1 v 12
exezneogoa (| 5])e ([35])e (o)) e (loa])= (s 5])
Iy I3 Is
Applying our main theorem, we obtained

cbh (F91§‘31F9)®(F91§21F9)® < [(1) “(’)7] > & < [(1) é] > ® M (Fy) & < [(‘) V;] > @ < [(1) ’62] >

L Ln
I I3 5



Dualities of dihedral codes

The hermitian dual of a D,-code

Example (continue). Let ¢ = 3and n = 16, so Jo = {1,2}, Ji=J, =0, J3 = {4} and
Js = {3,5}, with deg(fz) = 1, deg(fs) = 2 and deg(fs) = 1. We have

IR=

Fo[Dis] =2 (Fo ® Fo) @ (Fo @ Fo) ® M, (Fo) ® (My (Fo) & My (Fo)) ® (M2 (Fz) & My (F2)).
Ay 4 A4 A3 As

Set Fy' = (w) and ]ngz = (v). Consider as C the following D1s-code over Fy:
o~ 1w 00 11 1 v 12
exezneogoa (| 5])e ([35])e (o)) e (loa])= (s 5])
Iy I3 Is
Applying our main theorem, we obtained

e s memvermsme([s 5o s ) smra 4T (7))

L L
Iy ) s

Remark. Note that C C c+tn, so C is an hermitian self-orthogonal code over Fy.



Dualities of dihedral codes

LCD and SO dihedral codes

Our algebraic description of the hermitian dual of a D,-code is useful in several code constructions:

» Foranyl C L [D.], itis easy to compute the hermitian hull 1N 1+4, and check if IN1+h = 0,
so we can produce all distinct hermitian Linear Complementary Dual D,-codes over qu.

» One can construct all D,-codes that are hermitian self-orthogonal over qu.

Remark. Hermitian self-orthogonal codes are very useful to build quantum error correcting codes.



Dualities of dihedral codes

Hermitian self-orthogonal D,-codes

Assume (¢,n) = 1,andletC C Fa [D,] be a D,-code. SetJ = Jo UJ, U Jr UJs U Js.
Corollary. If ¢ = @5 1; € €D 4;, then ¢ C ¢ if and only if the following conditions are satisfied:
JjeJ JjeJ
(i) Ifj € Joand ¢is odd, thenl; = 0 & 0.

(iii) If j € J1, then either one of the summands of /; is 0, or one of the following options holds for 7;:

() (5 e
> <[(1) >(‘)ji|>@<|:(2/\j+aj(‘)+ o) (*2*)\/(&6+a,_]))")}>’

f -1\ ~
where a; is arootof f;, and ; € F > (o + o) = quegw).



Dualities of dihedral codes

Hermitian self-orthogonal D,-codes

Assume (¢,n) = 1,andletC C Fa [D,] be a D,-code. SetJ = Jo UJ, U Jr UJs U Js.

Corollary. If ¢ = @5 1; € €D 4;, then ¢ C ¢ if and only if the following conditions are satisfied:
JjeJ JjeJ

(v) 1] € 1, then § is either 0, ([9 1), 0r ([} %] ) with 3y = =X/, € B (o) = F 2ace(s)-

(v) Ifj € Js, then I; is either 0, or < [(‘) ﬁ)f] > with 0 # A = ~A, X\ € Fa(ay) = F 208

(vi) Ifj € J4, then either one of the summands of J; is 0, or one of the following options holds for /;:
> (o)) e ([p o] o

1A 1 =)\ . N
> <[O Oj]>@<[0 0/}> with \; € quz(aj) = ]Fqueg(fj).

Corollary. If (¢,n) = 1, then the number of hermitian self-ortogonal D,-codes over Iqu is
e[1G7+6) TT (¢7+2) [T (3 +56).
J€J JESHUI3 JEJy
with e = 1if ¢ is odd, and e = 2 otherwise.
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Dihedral quantum codes

Quantum error correcting codes

Definition. A g-ary quantum error-correcting code (QECC) Q of length n is a subspace of
C®...0C.
n

In particular dim¢ (Q) < ¢". Here we focus on the so-called stabiliser codes. In this case:

» dimc(Q) = ¢ for some positive integer k < n.

» We write its parameters as [[r, k, d]],, where the minimum distance 4 means that any error
acting on < d — 1 positions of the tensor factors (qubits) can be detected or has no effect.

Two ways to construct such codes:

» using two linear codes over F, such that C; C Cj‘f [CSS construction]

» using a linear code over I » such that C C C1h [hermitian construction — usually better]

Theorem. If C C IF:Z is a linear code with parameters [n, k, d] such that C C C*tn, then there exists
a quantum stabiliser code Q with parameters [[n,n — 2k, dg]],, Where

do = min{wgt(x) | x € C*h . C} > d,
ordg :=difC = Ctn.



Dihedral quantum codes
Dihedral quantum codes

Example (continue). Let ¢ = 3 and n = 16. Recall that

Fo[D1s] =2 (Fo @ Fo) @ (Fg @ Fo) & M (Fo) & (
A Ay A

M (F9) SB M; (F9))® (M2 (Fy2) & M2 (Fy2))
4 3 As

Set Fy* = (w) and ]FQX2 =

(v). Take the next Ds-code over Fy:

4 3

e=ognaogna ([ 5] e (e (i) e ([T e (s 5])

» We saw that C is an hermitian self-orthogonal code over Fy. Its parameters are [32, 12, 12]

» Applying the hermitian construction, 3 Q a quantum D,s-code with parameters [[32, 8, 8]]3

» Q reaches the best known parameters (for its length and dimension).
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