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1. Linear Codes

A linear [n, k]q 
ode C is a k-dimensional subspa
e of F
n
q .

For c = (c1, . . . , cn) ∈ F
n
q : Supp(c) := {1 ≤ i ≤ n : ci 6= 0} the support of

c and wt(c) = |Supp(c)| its weight (Hamming weight).

Supp(C) := {1 ≤ i ≤ n : ∃c = (c1, . . . , cn) ∈ C, ci 6= 0} .

The rth generalized Hamming weight of a linear 
ode C denoted as dr(C), is

the minimal support size of an r-dimensional sub
ode of C:

dr(C) := min{| Supp(C ′)| : C ′ ≤ C,dim(C ′) = r} .
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In parti
ular, d1(C) is the minimum Hamming distan
e of the 
ode C.

A linear 
ode of length n, dimension k and rth generalized Hamming weight

equal to dr: [n, k, dr]
(r)

-
ode.

The sequen
e (d1(C), . . . , dk(C)) is 
alled the weight hierar
hy of a linear [n, k]q


ode C.

It holds,

1 ≤ d1(C) < d2(C) < · · · < dk(C) ≤ n.
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2. Ar
s and Minihypers

A multiset in PG(k − 1, q) is a mapping K : P → N0.

This mapping is extended to any subset Q of P by K(Q) :=
∑

P∈Q
K(P ).

• wr := max {K(S) : S is a subspa
e of PG(k − 1, q),dim(S) = r} ;

• ur := min {K(S) : S is a subspa
e of PG(k − 1, q),dim(S) = r} .

• (n,wr)
(r)

-ar
: if ea
h r-dimensional subspa
e of PG(k−1, q) has multipli
ity

at most wr and there exists an r-dimensional subspa
e with this multipli
ity;

• (n, ur)
(r)

-minihyper: if ea
h r-dimensional subspa
e of PG(k − 1, q) has

multipli
ity at least ur, and there exists an r-dimensional subspa
e with this

multipli
ity.
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3. Equivalen
e of Codes and Ar
s

Let C be a linear 
ode of full length (dk(C) = n) with parameters [n, k]q.

Let G = (gT1 · · · gTn ), gi ∈ F
k
q , be a generator matrix of C.

The 
olumns gTi are 
onsidered as points Pi given by their homogeneous 
oordi-

nates in PG(k − 1, q).

The generator matrix G is asso
iated with an ordered n-tuple of points

(P1, . . . , Pn) in PG(k − 1, q).

This n-tuple de�nes a multiset K by K(P ) := |{i|Pi = P}|.
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Theorem 1. Let C be an [n, k]q-
ode of full length and let K be the ar
 in

PG(k − 1, q) asso
iated with C. Then:

wr(K) + dk−r−1(C) = n.

for every r = 0, · · · , k − 1

Theorem 1 implies

1 ≤ w0 < w1 < · · · < wk−1 = n.

If s ≥ w0 is an integer, then F = sχP −K is a minihyper of 
ardinality svk−n

with ur = svr+1 − wr, r = 0, 1, . . . , k − 1.

Here vr = (qr − 1)/(q − 1).
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4. The Main Problem for Linear Codes, Ar
s and

Minihypers

• m
(r)
q (k − 1, w) � the maximal 
ardinality of a multiset in PG(k − 1, q) su
h

that every r-dimensional subspa
e has multipli
ity at most w.

In other words, m
(r)
q (k−1, w) is de�ned as the largest n for whi
h there exists

an (n,w)(r)-ar
 in PG(k − 1, q).

• n
(r)
q (k, d) � the smallest length for whi
h there exists an [n, k, d]

(r)
q -
ode.
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Main problem:

(1) Finite geometry: Given the integers w, k, q, �nd m
(r)
q (k − 1, w).

(2) Coding theory: Given the integers d, k, q, �nd n
(r)
q (k, d).

Some spe
ial 
ases:

• r = 0: m
(0)
q (k − 1, s) = svk (trivial)

• r = 1: m
(1)
q (k − 1, w) � the largest size of a generalized 
ap

In parti
ular: for w = 2 � this is the largest 
ap problem

m(1)
q (2, 2) =

{

q + 1 q odd,

q + 2 q even.

m(1)
q (3, 2) = q2 + 1.
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m
(1)
3 (4, 2) = 20, (G. Pellegrino)

m
(1)
3 (5, 2) = 56, (R. Hill)

m
(1)
3 (6, 2) = 112, (A. Pote
hin)

m
(1)
4 (4, 2) = 41. (G. Tallini; Y. Edel, J. Bierbrauer)

• r = k − 2: the 
lassi
al largest ar
 problem
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5. The Griesmer Bound for the Genralized Hamming

Weights

The Griesmer bound (Griesmer, 1960):

Theorem 2. If C is a linear [n, k, d]q-
ode then

n ≥
k−1
∑

i=0

⌈

d

qi

⌉

=: gq(k, d).

Griesmer 
ode: An [n, k, d]q 
ode with n = gq(k, d).
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The generalized Griesmer bound (T. Helleseth, T. Kløve, Ø. Ytrehus, 1992):

Theorem 3. Let C be an [n, k, dr]
(r)

-
ode, where 1 ≤ r ≤ k. Then

n ≥ dr +
k−r
∑

i=1

⌈

dr
qivr

⌉

=: g(r)q (k, d).

Here vr =
qr − 1

q − 1

.
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6. Results for the Optimal Codes and Ar
s

Let d be a positive integer. It 
an be written uniquely as

d = sqk−1 −
k−2
∑

i=0

εiq
i

(1)

g(1)q (k, d) = svk −
k−2
∑

i=0

εivi+1.

Let C be an [n = g
(1)
q (k, d), k, d]

(1)
q -
ode and let K the (n, n − d)-ar
 in

PG(k − 1, q) asso
iated with C.
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wk−1−j = svk−j −
k−2
∑

i=j

εivi+1−j.

Then K 
an be represented as

K = sχP − F ,

where F is a minihyper with parameters

(

k−2
∑

i=0

εivi+1,

k−2
∑

i=0

εivi

)

with maximal multipli
ity of a point not ex
eeding s.
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Minihypers with the above parameters, but without the restri
tion on the maximal

point multipli
ity, 
an be 
onstru
ted always as the sum of subspa
es: εk−2

hyperplanes, εk−3 hyperlines, and so on, ε1 lines and ε0 points. Su
h minihypers

are 
alled 
anoni
al.

Minihypers with parameters

(

k−2
∑

i=r

εivi+1,

k−2
∑

i=r

εivi+1−r

)(k−1−r)

(2)


an be 
onstru
ted in a similar fashion as 
anoni
al minihypers, i.e. as the sum

of εk−2 hyperplanes, εk−3 hyperlines, and so on, εr subspa
es of dimension r.
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Theorem 4. Let F be a minihyper in PG(k − 1, q) with parameters given by

(2), 0 ≤ εi ≤ q − 1, and with maximal point multipli
ity w0. Then for every

s ≥ w0 the multiset K = sχP −F is an ar
 in PG(k − 1, q) with parameters

(

n = svk −
k−2
∑

i=r

εivi+1, wk−r−1 = svk−r −
k−2
∑

i=r

εivi+1−r

)(k−1−r)

.

The 
ode asso
iated with K is a Griesmer 
ode with respe
t to the r-th

generalized Hamming weight.
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Theorem 5. If dr is large enough Griesmer [n = g
(r)
q (k, dr), k, dr]

(r)
q -
odes do

exist for all q, k and r.

Theorem 6. Let C be an [n = g
(1)
q (k, d), k, d]

(1)
q -
ode where d(1) = d is given

by (1). Then

dr(C) = vr ·

(

sqk−r −

k−1
∑

i=r

εi−1q
i−r

)

−

r−1
∑

i=1

εi−1vi,

and C attains the Griesmer bound for the r-th generalized Hamming weight, i.e.

n = g
(r)
q (k, dr).
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Theorem 7. Every (xvk−1, xvr)
(r)

-minihyper in PG(k−1, q), q = ph, k ≥ 4,

with x ≤ q − q

p

is a sum of hyperplanes for all r ∈ {1, . . . , k − 2}.

Theorem 8. Every (xvk−1 + vk−2, xvr + vr−1)
(r)

in PG(k − 1, p), p prime,

for x ≤ p− 2 is the sum of x hyperplanes and one subspa
e of 
odimension 2.
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