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Why are minimal codes interesting ?

® Minimal codewords were first studied by Massey in 1993. He proposed an application
to Secret Sharing Schemes: supports of minimal codewords of some code were used to
define an access structure to a secret.

@ Massey “Minimal codewords and secret sharing”, Proceedings of the 6th joint Swedish-Russian international workshop

on information theory, 1993

@ Chatterjee, Mesnager, Mishra, Maji “Structure and Construction of Two-Dimensional Minimal Linear Codes over the
rings Z,n with Applications to Secret Sharing”, 2026

® They have application in additive and extremal combinatorics.
@ Bishnoi, D’'haeseleer, Gijswijt, Potukuchi “Blocking sets, minimal codes and trifferent codes”, 2023

@ Kurz “Trifferent codes with small lengths”, 2023
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Framework : Hamming metric

® A code is a subset of F”, its elements are called codewords

The support of a codeword ¢ = (cy,...,¢,) € F" is the set

supp(c) :={i € {1,...,n}:¢; #0}

The Hamming weight of ¢ is wt(c) = | supp(c)|

The Hamming distance is defined as d(c¢, ) = wt(c — ¢)

The minimum Hamming distance of a code C is defined as

d:=min{d(c,c) :c,d €C, c# '}
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Linear codes Additive codes

Ambient space: Fy

Code: C is an Fy-subspace of Fy

Dimension: k = dimg,(C) = log, [C]|

Minimum distance: d = min{wt(c) : ¢ € C\{0}}
Notation: [n, k,d], code

Generator matrix: G € F’;X"

C={2G : z€FF}

Nondegeneracy: Ai € [n] s.t. Ve € C, ¢; =0

Equivalence: C, D are equivalent if there exists a
map ¢ € (F;)" x Sy such that

¢(C) =D
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Consider Fy = Fa(w), with w a root of 22 + 2 + 1 € Fy[z].

Let C be the [5,2/2]% additive code defined by the following generator matrix

1 1 w 0 0
G_(1w01w2)'

We have that

C={zG:z € F2 ={(0,0,0,0,0),(1,1,w,0,0), (1,w,0,1,w?), (0,w? w,1,w?)}.
The minimum distance of C is d = 3.
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® Geometric point of view



Projective systems

A multiset P of n points of PG(k — 1,q) is an

[n, k, d]q projective system if P is not contained

in any hyperplane H C PG(k — 1,q) and
d=n—  ma PN H|.

HCPG(k 1,q)
H hyperplane

® Equivalence: P and Q are equivalent if there
exists 1 € PGLy(F,) such that ¢(P) = Q.

h-Projective systems
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PG(k — 1,q) with dim(m;) < h —1is an

h-[n, k,d]q projective system if the 7; are not
all contained in the same hyperplane and

I & {10

d=n— max

HCPG(k—1,q)
H hyperplane

,n}:m C HY|.

6/17



Projective systems

A multiset P of n points of PG(k — 1,q) is an
[n, k, d]q projective system if P is not contained

in any hyperplane H C PG(k — 1,q) and

d=n— PN H|.

ma.
HCPG(k 1,q)
H hyperplane

® Equivalence: P and Q are equivalent if there
exists 1 € PGLy(F,) such that ¢(P) = Q.

h-Projective systems

A multiset x = {m1,...,m} of n subspaces of
PG(k — 1,q) with dim(m;) < h —1is an

h-[n, k,d]q projective system if the 7; are not
all contained in the same hyperplane and

[{i e {1,...

d=n—  max
HCPG(k—1,q)
H hyperplane

,n}:m C HY|.

® Equivalence: x and 7 are equivalent if there
exists ) € PGLy(F,) such that ¢(x) =

6/17



Projective systems

Definition
A multiset P of n points of PG(k — 1,q) is an

[n, k, d]q projective system if P is not contained
in any hyperplane H C PG(k — 1,q) and

d=n— max
HCPG(k—1,q)

H hyperplane

PN H]|.

® Equivalence: P and Q are equivalent if there
exists 1 € PGLy(F,) such that ¢(P) = Q.

There is a one-to-one correspondence between
(equivalence classes of ) nondegenerate

[n, k,d]q codes and (equivalence classes of)
projective [n, k, d], systems.

‘ Tsfasman and Vladut. “Algebraic-geometric codes”.

h-Projective systems

A multiset x = {m1,..., 7} of n subspaces of
PG(k — 1,q) with dim(m;) < h —1is an

h-[n, k,d]q projective system if the 7; are not
all contained in the same hyperplane and

d=n— max |[{ie{l,...

HCPG(k—1,q)
H hyperplane

,n}:m C HY|.

® Equivalence: x and 7 are equivalent if there
exists 1) € PGL(F,) such that ¢(x) = 7.

Theorem (Ball, Lavrauw, Popatia)

There is a one-to-one correspondence between
(equivalence classes of) nondegenerate
[n,k/h,d]! additive codes and (equivalence
classes of) projective h-[n, k, d], systems.

@ Ball, Lavrauw, Popatia. "“Griesmer type bounds for additive
codes over finite fields , 2024
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Nondegenerate additive code — h-projective system

Let C be a nondegenerate [n, k/h,d]; code and let G € My ,(F 1) be a generator matrix for C:
G=(aglg|-]gn),

where g; = (gi1,...,0ik) " € F’;h. Let 8 = (a1,...,an) be a basis of F 1 /Fy and write

h
13
gj,i ‘= E bj’iat,
t=1

where b} ; € F, for every 4, j, t.
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13
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Let C be a nondegenerate [n, k/h,d]; code and let G € My ,(F 1) be a generator matrix for C:
G=(aglg|-]gn),

where g; = (gi1,...,0ik) " € F’;h. Let 8 = (a1,...,an) be a basis of F 1 /Fy and write

h
t
95, ‘= E bj,iata
t=1

where b} ; € F, for every 4, j, t.
This yields a matrix G € My, nn(Fq):

1 h 1 h 1 h
big oo by bip oo Vip e bin e DI
1 h 1 h 1 h
b2,1 b2,1 b2,2 b2,2 b27n bZ,n
1 h 1 h 1 h
bk,l bk,l kaQ bk-,Q bk,n bk,n

—_———
Gh Gs Gn

Let define m; := PG(colspp, (Gi)) € PG(k — 1, ) of dimension at most i — 1.
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Nondegenerate additive code — h-projective system

Let x := {7m1,...,m} C PG(k — 1,q) be the multiset of such projective subspaces.
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Nondegenerate additive code — h-projective system

Let x := {7m1,...,m} C PG(k — 1,q) be the multiset of such projective subspaces.

A codeword ¢ := 2G € C with = € F¥\{0}, geometrically ¢ corresponds to the hyperplane
(z)" C PG(k - 1,q).
The weight of ¢ can be obtained as
wt(c) = wt(z@)
=n—|{ie{l,...,n}:m C (x)"}.

Therefore, the minimum distance of the code C is

d=mn—maxgcpah-1,q9), |{t € {1,...,n}:m C H}|.
H hyperplane

Therefore, x is an h-[n, k, d]q projective system.
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Back to the previous example

1 1 w 0 0
1 w 0 1 w?)°
Choosing (1,w) as a basis of F4 over Fq, the extended matrix on Fy is

The [5,2/2,3]2 code C was defined by the generator matrix G = <

G — 1 0/1 00 1/0 0|0 O
~\1 00 1|0 01 0|1 1

Thus, an 2-[5,2/2, 3]s projective system associated to C is :
o =([1:1])=[1:1],
o my=([1:0],[0:1]) =PG(1,2),
[
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Back to the previous example

1 1 w 0 0
1 w 0 1 w?)°
Choosing (1,w) as a basis of F4 over Fq, the extended matrix on Fy is

The [5,2/2,3]2 code C was defined by the generator matrix G = <

62(1010010000>

1 0(0 1(0 0|1 01 1
Thus, an 2-[5,2/2, 3]s projective system associated to C is :

o =([1:1])=[1:1],

e 1o =([1:0],[0:1]) =PG(1,2),

e m3=1[1:0],

o my=m5=1[0:1].
The weight of the codeword ¢ := (1 O) G= (1 1 w 0 0) is

wt(c) =5 —[{i:m C{1:0)T} =5—-|{i:m C[0:1]}=5-2=3.
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® Minimality for additive codes



Minimal linear codes Minimal additive codes
® Code: C is a linear [n, k,d], code

® Minimal codeword: ¢ € C\ {0} is minimal if
supp(c’) C supp(c) < ¢ = Ac

for some A\ € F}

® Minimal code: every nonzero codeword is mini-
mal

@ Alfarano, Le Meur “Minimal additive codes”, 2026
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e Minimal codeword: ¢ € C\ {0} is minimal if e Minimal codeword: ¢ € C\ {0} is minimal if,

for every ¢’ € C\ {0},
supp(c’) C supp(c) < ¢ = Ac

for some A\ € F} supp(c’) C supp(c), Ve
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Minimal linear codes
Code: C is a linear [n, k, d], code

Minimal codeword: ¢ € C\ {0} is minimal if
supp(c’) C supp(c) < ¢ = Ac

for some A\ € F}

Minimal code: every nonzero codeword is mini-
mal

Minimal additive codes
Code: C is an additive [n, k/h,d]" code

Minimal codeword: ¢ € C\ {0} is minimal if,
for every ¢’ € C\ {0},

—
, cd = AXe,

supp(¢’) C supp(c),
\EF;

c
—+ € F} Viesupp(c)
¢

Minimal additive code: every nonzero codeword
is minimal

@ Alfarano, Le Meur “Minimal additive codes”, 2026

@ Alfarano, Borello, Neri “Outer strong blocking sets”, 2024
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Consider F; = Fo(w), with w a root of 22 + 2 + 1 € Fy[z].

Let C be the [4,2/2, 3]3 additive code defined by the following generator matrix
11 w w
G= (1 w 0 1) '
We have that C = {(0,0,0,0), (1,1,w,w), (1,w,0,1), (0,w? w,w?)}.

The code C is minimal.
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Existence of minimal additive codes

Proposition (Alfarano, L.M.)

f
D EQe e (),

then there exists an [n, k/h]’q1 minimal additive code.

@ Alfarano, Le Meur “Minimal additive codes”, 2026
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Existence of minimal additive codes

Proposition (Alfarano, L.M.)

f
D EQe e (),

1

then there exists an [n, k/h]’q1 minimal additive code.

Corollary (Alfarano, L.M.)

[n, k/h]g minimal additive codes exist whenever

2k

n >
hl() —q2h
gqh qh+1 q+1

@ Alfarano, Le Meur “Minimal additive codes”, 2026
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Main idea of the proof

Proposition (Alfarano, L.M.)

” (2) S ) -0 <),

then there exists an [n, k/h]} minimal additive code.
A nonzero codeword c € C C F;’h is not minimal if there exists ¢’ € C such that it holds
c #X, VAEF, A

supp(c’) C supp(c) A (1)
Vi € supp(c), 3\ € Fy sit. ¢ = \ici.
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” (2) S ) -0 <),

then there exists an [n, k/h]} minimal additive code.

A nonzero codeword c € C C F;’h is not minimal if there exists ¢’ € C such that it holds

c # X, VAEF, A
supp(c’) C supp(c) A (1)
Vi € supp(c), IN; € Fy s.it. ¢ = \ici.

Let B = {(c, ¢)€Fl x Fy e # 0 and (1) holds} .

An [n,k/h]} additive code is not minimal if it contains the F,-space generated by a pair in B.

13/17



Strong blocking sets

Definition

An [n, k, d]4-projective system P is a strong
blocking set if for all H C PG(k — 1, q),

(HNP)=H.

Additive strong blocking sets

14/17



Strong blocking sets

Definition

An [n, k, d]4-projective system P is a strong
blocking set if for all H C PG(k —1,q),

(HNP)=H.

Additive strong blocking sets

Definition (Alfarano, L.M.)

An h-[n, k,d]q projective system x = {m1,...

is an additive strong blocking set if

n
Um
i=1

is a strong blocking set in PG(k — 1, q).

77rn}
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Strong blocking sets

Definition

An [n, k, d]4-projective system P is a strong
blocking set if for all H C PG(k —1,q),

(HNP)=H.

Theorem(Alfarano, Borello, Neri)

There is a one-to-one correspondence between
(equivalence classes of) minimal codes and
(equivalence classes of) strong blocking sets.

@ Alfarano, Borello, Neri “A geometric characterization of
minimal codes and their asymptotic performance”, 2020

Additive strong blocking sets

Definition (Alfarano, L.M.)

An h-[n, k,d]q projective system x = {m1,...,7n}
is an additive strong blocking set if

n
Um
i=1

is a strong blocking set in PG(k — 1, q).

Theorem (Alfarano, L.M.)

There is a one-to-one correspondence between
(equivalence classes of) minimal additive codes
and (equivalence classes of) additive strong
blocking sets.

@ Alfarano, Le Meur “Minimal additive codes”, 2026
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Consider Fy = Fy(w), with w a root of 2% + x + 1 € Fy[x].
Let C be the [3,3/2,2]3 code defined by the matrix:

1 1 1
G=lw w? w
0 w w

Now, choosing (1,w) as a basis of Fy over F5, the extended generator matrix of C is

B 1 01 0|1 O
G=10 1|1 1]0 1
0 0j0 1|0 1
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100

L
Thus, an 2-[3,3/2, 2] projective system
associated to C is x := (w1, m2, m3), where

1100 e101
o
111
[ J (] ()
010 011 001
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100
Thus, an 2-[3,3/2, 2] projective system
associated to C is x := (w1, m2, m3), where
e 7 ={[1:0:0],0:1:0],[1:1:0]}
110 e 101
°
111
) °
010 011 001



Example

100

Thus, an 2-[3,3/2, 2] projective system

associated to C is x := (w1, m2, m3), where
e 7 ={[1:0:0],0:1:0],[1:1:0]}
® mp={[1:1:0],[0:1:1],[1:0:1]}

110 101
()
010 011 001



100
Thus, an 2-[3,3/2, 2] projective system
associated to C is x := (w1, m2, m3), where
e 7 ={[1:0:0],0:1:0],[1:1:0]}
® mp={[1:1:0],[0:1:1],[1:0:1]}
® m3={[1:0:0}[0:1:1],[1:1:1]} 110 101
{ ]
111
()
010 011 001




100
)

Thus, an 2-[3,3/2, 2] projective system
associated to C is x := (w1, m2, m3), where

e 7 ={[1:0:0],0:1:0],[1:1:0]}
® mp={[1:1:0],[0:1:1],[1:0:1]}
® 73={[1:0:0],0:1:1],[1:1:1]} 110 101

M := U?_ 7 is a strong blocking set, it ®
follows that x is an additive strong blocking
set in PG(2,2).

Therefore, the code C is minimal.




Full version of the paper for WCC 2026

® Determine bounds on the parameters of additive codes

® Determine bounds on
m(q, k, h) == min{n € N>; : there exists a minimal [n,k:/h]g additive code}

e Construct minimal additive codes from geometric objects
e Additive strong blocking sets are a generalization of outer strong blocking sets

@ Alfarano, Borello, Neri “Outer strong blocking sets”, 2024
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Full version of the paper for WCC 2026

® Determine bounds on the parameters of additive codes

® Determine bounds on
m(q, k, h) == min{n € N>; : there exists a minimal [n,k:/h]g additive code}

e Construct minimal additive codes from geometric objects
e Additive strong blocking sets are a generalization of outer strong blocking sets

@ Alfarano, Borello, Neri “Outer strong blocking sets”, 2024

Thank you for your attention!

Do you have questions?
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