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1. Introdu
tion

De�nition. A linear [n, k]q 
ode is 
alled divisible with divisor ∆ if the

weight of every 
odeword is divisible by ∆.

De�nition. An (n,w)-ar
 K in PG(k − 1, q) is 
alled divisible with divisor ∆

if the weight of every 
odeword is divisible by ∆.

H. N. Ward: If (∆, q) = 1, then a 
ode of full length (no 
oordinate identi
ally

zero) divisible by ∆ is a ∆-fold repli
ated 
ode, i.e. a 
ode obtained from a

shorter 
ode by repeating ea
h 
oordinate ∆ times.
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Denote by nq(k, d) the minimal length of a linear 
ode of �xed dimension k

and �xed minimum distan
e d over a �eld with q elements. A lower bound on

nq(k, d) is given by:

nq(k, d) ≥ gq(k, d) :=

k−1∑

i=0

⌈
d

qi
⌉. (1)

This bound was proved originally by Griesmer for binary 
odes and generalized

for q-ary 
odes by Solomon and Sti�er.

An [n, k, d]q-
ode with n = gq(k, d) is 
alled a Griesmer 
ode. The Griesmer


odes exhibit strong divisibility properties.
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Let

d = sqk−1 − λk−2q
k−2 − . . .− λ1q − λ0, 0 ≤ λi ≤ q − 1, (2)

It is easily 
he
ked that

n = gq(k, d) = svk − λk−2vk−1 − . . . λ1v2 − λ0v1, (3)

where vi = (qi − 1)/(q − 1).

The ar
 asso
iated with a [n = nq(k, d), k, d]q 
ode has parameters (n,w) with

w = svk−1 − λk−2vk−2 − . . . λ1v1. (4)
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2. Brief history

Dodunekov and Manev (1984): for a binary Griesmer 
ode the highest

power of the minimum distan
e 
ode is also divisor of the 
ode itself.

This result was extended to linear 
odes over arbitrary prime �elds.

Theorem 1. (H. N. Ward) Let C be a Griesmer 
ode over Fp, p a prime. Then

if pe divides the minimum weight of C, pe is a divisor of the 
ode.

Theorem 2. (H. N. Ward) Let C be a [gq(k, d), k, d]q Griesmer 
ode, and

suppose that q divides d. Then C is divisible by p, the prime dividing q.

Theorem 3. (H. N. Ward) Let C be a [g4(k, d), k, d]4-
ode for whi
h 2
e

divides

d with e ≥ 2. Then 2e−1

is a divisor of C.
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Conje
ture. (H. N. Ward) Let C be a [gq(k, d), k, d]q Griesmer 
ode where q

is a power of the prime p. Suppose that pe divides d with pe > q. Then C is

divisible by pe+1/d.
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Questions.

(1) How does Ward's theorem generalize for 
odes over non-prime �elds (for

ar
s in geometries of non-prime order)?

(2) How does Ward's result generalize for non-Griesmer 
odes (ar
s asso
iated

with non-Griesmer 
odes)?

(3) How does Ward's theorem generalize if we assume that the multipli
ities

of the hyperplanes (the weights of the 
odewords) give di�erent residues

modulo the divisor.
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3. A Divisibility Theorem

Let K be an ar
 of 
ardinality n in PG(k − 1, q), and let e ≥ 1 be an integer.

De�nition. A subspa
e S of dimension k−3 (
o-dimension 2) is said to have the

property (D) if every hyperplane H through S satis�es K(H) ≡ n (mod qe).

Note: We do not require K to be a Griesmer ar
.

For Griesmer ar
s with divisor qe all subspa
es of maximal multipli
ity of 
odi-

mension 2 have property (D).
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Theorem 4. Let K be an (n,w)-ar
 in PG(k − 1, q), and let e ≥ 1 be an

integer. If there exists a subspa
e δ of 
odimension 3 with the properties

(1) K(δ) ≡ n (mod qe−2) if e ≥ 2;

(2) for every subspa
e S of 
odimension 2 through δ it holds K(S) ≡ n
(mod qe−1);

(3) there exist at least q subspa
es of 
odimension 2 through δ with the property

(D).

then K(H) ≡ n (mod pqe−1) for every hyperplane H 
ontaining δ.
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Lemma. For a Griesmer (n,w)-ar
 in PG(k − 1, q), every hyperplane with a

point of maximal multipli
ity 
ontains a subspa
e of 
odimension 3 that satis�es

properties (1)�(3).

Theorem 5. Let C be a [gq(k, d), k, d]q, q = ph, be a Griesmer 
ode and let

d be given by (2) where s = 1, and suppose that qe, e ≥ 2, divides d. Then C

is divisible by p2qe−2

.

For q = p, this result implies the 
lassi
al Ward theorem in the spe
ial 
ase

of proje
tive 
odes.
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4. Quasidivisibility

De�nition.We 
all an (n,w)-ar
 K in PG(k−1, q) t-quasidivisible with divisor

∆ if K(H) ≡ n, n+ 1, . . . , n+ t mod ∆ for every hyperplane H .

De�nition. An [n, k, d]q-
ode C is 
alled t-quasidivisible if wt(c) ≡ −t,−(t−
1), . . . , 0 (mod ∆) for every 
odeword c ∈ C.

As before, t-quasidivisible ar
s are asso
iated with t-quasidivisible 
odes.

For t = 1, we say that K (resp. C) is just quasidivisible.

By Hill-Lizak's extension lemma every quasidivisible ar
 (resp. quasidivisible 
ode)

with divisor q is extendable to a divisible ar
 (resp. divisible 
ode) with the same

divisor.
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5. Divisibility and quasidivisibility results

Let S be a subspa
e of 
odimension 2 in PG(k − 1, q) and let H0, . . . ,Hq be

the hyperplanes through S.

De�nition. The subspa
e S is said to have the property (QD) if :

• K(Hi) ≡ n+ 1 (mod q) for q of the hyperplanes through S,

• K(Hi) ≡ n (mod q) for exa
tly one hyperplane Hi.
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Theorem 6. Let K be a (n,w)-ar
 in PG(k− 1, p), p-prime, with w ≡ n+1
(mod p). Assume δ is a subspa
e of 
odimension 3 su
h that there exist at least

2p − 1 subspa
es of 
odimension 2 through δ having the property (QD) with

q = p. Then for every hyperplane H through δ it holds

K(H) ≡ n or n+ 1 (mod p).
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Theorem 7. Let K be a Griesmer (n,w)-ar
 in PG(k − 1, p), p-prime, with

w ≡ n+ 1 (mod p). Let

d = n− w = spk−1 − λk−2p
k−2 − . . .− λ1p− 1,

with λi ≤ p − 2 for i = 1, . . . , k − 2. Then K is 1-quasidivisible and hen
e

extendible to a divisible Griesmer ar
 with divisor p.
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5. An Example

Consider a blo
king set B in PG(2, q) with parameters (x(p + 1) + 1, x),

x ≤ p− 1.

Denote by Λi the number of points of multipli
ity i. By Theorem 7 applied for the

ar
 K = 2−B if Λ0 ≥ 2p−1, B is redu
ible to a 
anoni
al (x(p+1), x)-blo
king

set. This is always the 
ase if x ≤ p− 2.

For x = p− 1 irredu
ible blo
king sets are possible.

For an irrdeu
ible (p2, p − 1)-blo
king set B the unde
ided 
ases are p + 1 ≤
Λ0 ≤ 2p− 2.

If Λ0 = p+ 1 then B is the 
omplement of an oval.
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The 
lassi�
ation for p+ 2 ≤ Λ0 ≤ 2p− 2 is unknown.

There exist (p2, p − 1)-blo
king sets for whi
h the number of 0-points is in

this interval. For instan
e, there exists a (25, 4)-blo
king set in PG(2, 5) with

Λ0 = 8 (Λ2 = 2).
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(25, 4)-blo
king set in PG(2, 5) with Λ0 = 8,Λ2 = 2
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(p2, p− 1)-blo
king set in PG(2, p) with Λ0 = 2p− 2,Λp−2 = 1

p − 2
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