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DNA-Based Storage

Data Deluge: The amount of data in the world is rapidly increasing.

Beyond traditional storage: researchers are exploring alternative
storage solutions.
One such solution is DNA-based storage, which gains significant
attention due to its durability and density.
In-vitro Vs. in-vivo.
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In-vivo DNA storage

Information is stored in the DNA of some organisms and is read later
from their descendants.

The problem: mutations may alter the information sequence so a new
sequence is obtained after each mutation.
Error-correcting codes must invert these mutations to recover the
stored data.
Mutation systems are viewed as stochastic processes- over-time
evolution of the data sequence.
To study these systems, we focus on the frequency of k-tuples.
The goal of this talk is to showcase a CLT on the frequency of
k-tuples.
We present a general definition of mutation systems and initial results
on such systems.
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Mutation Systems

A = {a0, . . . , ad−1}
A word w = w0w1 . . . wn−1 - finite concatenation of symbols over A.
Ak denotes the set of all k-tuples, A∗ =

⋃
k∈N Ak.

Definition
A mutation law is a pair (ϑ, P) where P is a set of d non-degenerate
probability measures on A∗, and ϑ : A → A∗ is a random function that
corresponds to P.

Example
Let A = {0, 1} and define

ϑ(0) =
{

00 w.p. 2
3

01 w.p. 1
3

, ϑ(1) =


1 w.p. 1

4
10 w.p. 1

4
110 w.p. 1

2
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Mutation Systems

Definition
Let w = w0 . . . wm−1 be a word. A mutation step/round is performed by
first selecting a position i ∈ [m] uniformly at random, and then replacing
the symbol wi at the selected position with ϑ(wi). With a slight abuse of
notation, we denote the obtained random word by ϑ(w).

Definition
A mutation system is defined by S = (A, w, (ϑ, P)) where w ∈ A∗ is a
non-empty starting word. A mutation system evolves according to the
discrete random model defined by mutation rounds ϑn(w).
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Mutation Systems

Example
Let A = {0, 1} and assume our mutation is a single noisy duplication:
ϑ(0) = 00 w.p. 3/4 and 01 w.p. 1/4 (and similarly for ϑ(1)). Assume also
that w = 0. Then

0

00 01

000 001 010 011
w.p. 18

32
6
32

4
32

4
32

0 ϑ(0)=00−−−−−→
w.p. 3/4

00, 0 ϑ(0)=01−−−−−→
w.p. 1/4

01

5/14



Mutation Systems

Example
Let A = {0, 1} and assume our mutation is a single noisy duplication:
ϑ(0) = 00 w.p. 3/4 and 01 w.p. 1/4 (and similarly for ϑ(1)). Assume also
that w = 0. Then

0

00 01

000 001 010 011

w.p. 18
32

6
32

4
32

4
32

00 ϑ(0)0−−−−−→
w.p. 1

2 · 3
4

000, 00 0ϑ(0)−−−−−→
w.p. 1

2 · 3
4

000, 00 ϑ(0)0−−−−−→
w.p. 1

2 · 1
4
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Related Papers

Several papers studied duplication systems and their properties (see
[Ben-Tolila, Schwartz ’22], [Jain, Farnoud, Bruck ’17] and more).

We draw inspiration from results on generalized Polya urns, given in
papers like ”Central limit theorems for urn models”[Smythe ’96].
Most related paper - ”On the Long-Term Behavior of k-tuples
Frequencies in Mutation Systems”[E ’24].
In this work we further extend the limit results into a CLT, using
similar tools (martingale convergence theorem).
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Studying the Long-Term Behavior

To properly define the main goal of the paper, we first need to make
several definitions and recap known results.

Definition
▶ For two words u, v ∈ A∗, we denote by ctv(u) the number of times

that u appears in v, where coordinates are taken modulo |v|.
▶ Similarly, we denote by frv(u) the empirical frequency of u in v, i.e.,

frv(u) = ctv(u)/|v|.
▶ For k ∈ Z, we denote by ct(k)

v and fr(k)
v the count and frequency

vectors of all possible k-tuples ordered in the lexicographic order.
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The Substitution Matrix

Our next objective is to present the mutation law in a matrix form
that incorporates key information about fr(k), enabling us to apply
algebraic tools.

Since the general definition (for general k) is less intuitive, we present
the matrix for k = 1.

Definition
Let (ϑ, P) be a mutation law over an alphabet A of size d. The
substitution matrix M is a real, d × d matrix, with non-negative entries,
defined by

Mi,j := E[ctϑ(aj)(ai)] =
∑

η∈A∗
Pr(ϑ(aj) = η)ctη(ai).

-For general k, M(k) is a dk × dk matrix constructed similarly.
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Average τ -Mutation Systems

Example
Let A = {0, 1} be the binary alphabet. Consider the duplication law

ϑ(0) =
{

00 w.p. 2/3
01 w.p. 1/3

, ϑ(1) =
{

11 w.p. 3/4
00 w.p. 1/4.

Calculating the (0, 0) entry in M requires finding the expected number of
zeros in ϑ(0). We obtain that E[ctϑ(0)(0)] = 2 · 2/3 + 1 · 1/3 = 5/3.

Continuing the same way, we get

M =
[
−3/5 3/5
3/5 2/5

] [
7/6 0
0 2

] [
−2/3 1

1 1

]
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Average τ -Mutation Systems

Definition
A mutation system S = (A, w, (ϑ, P)) is called an Average τ -Mutation
System if ∃ τ ∈ N such that E[|ϑ(a)|] = τ for all a ∈ A. This is
equivalent to requiring every column of M to sum to τ .

Theorem (E 24’)
Let S = (A, w, (ϑ, P)) be an Average τ -Mutation System. Assume its
substitution matrix M(k) is irreducible. From Perron-Frobenius theorem
we know there is a single maximal eigenvalue of M(k) with a single
eigenvector r normalized to be a probability vector (sum of entries is one),
assuming a regular eigendecomposition exists. Then

fr(k)
n

Pr−→ r.
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{

11 w.p. 3/4
00 w.p. 1/4.

M =
[
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. Assume the starting word is w. We get

frn →
[
3/5
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]
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Central Limit Theory Over Average τ -Mutation

To find a CLT for the mutation system we look at the vector counting the
number of k-tuples of each kind, ct(k)

n .

Theorem (Central Limit Theorem for Average τ -Mutation)
Let ϑ be a mutation on a starting word w in an average τ -mutation
system. If M(k) is irreducible with a unique maximal eigenvalue and
normalized eigenvector r, then under mild additional assumptions:

√
n

(
ct(k)

n

n
− (τ − 1) r

)
d−→ N (0, Σ)

for some computable covariance matrix Σ.
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Outline of the Proof

We construct a matrix U row-by-row where each row is an eigenvector
of M(k) (separated to their real and imaginary parts), ur

i and uc
i .

We project the asymptotically centered vector ct(k)
n − n (τ − 1) r over

the rows of U , and obtain the vector Xn of projections. We show the
asymptotic jointly normal distribution of Xn.

1√
n

Xn = U
√

n

(
ct(k)

n

n
− (τ − 1) r

)
d−→ N

(
0, Σ′) .

This is done by showing the central limit theorem for every linear sum
of entries with weights αi

1√
n

dk−1∑
i=0

αiX
(i)
n

d−→ N
(
0, σ2

)
.
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Outline of the Proof

We define a martingale differences process M
(i)
n using the entries of

Xn, the length of the mutation in the n’th step Yn and the i’th
eigenvalue of the substitution matrix λi,

M (i)
n := X(i)

n − X
(i)
n−1 − 1

Yn−1
(λi − k) X

(i)
n−1.

We will approximate the sum on X
(i)
n as a sum of M

(i)
n with

coefficients β
(i)
j,n

1√
n

dk−1∑
i=0

αiX
(i)
n

L1
∼

n∑
j=1

1√
n

dk−1∑
i=0

β
(i)
j,nM

(i)
j .
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Outline of the Proof

Now we show CLT over the sum of martingale differences processes
by using CLT for Martingale and proving its conditions hold, showing

n∑
j=1

1√
n

dk−1∑
i=0

β
(i)
j,nM

(i)
j

d−→ N
(
0, σ2

)
.

Proving the CLT for the sum of martingales proves the CLT for the
counting vector and thus proves the theorem. Lastly we use the value
of σ2 to calculate the covariance matrix Σ and we finish the proof

√
n

(
ct(k)

n

n
− (τ − 1) r

)
d−→ N (0, Σ)
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Outline of the Proof

Example
Let A = {0, 1} be the binary alphabet. Consider the duplication law

ϑ(0) =
{

00 w.p. 2/3
01 w.p. 1/3

, ϑ(1) =
{

11 w.p. 3/4
00 w.p. 1/4.

Calculating the CLT we find the complete asymptotical behavior of the
symbols in the mutation:

√
n

(
ct(1)

n

n
−
[
3/5
2/5

])
d−→ N (0, Σ)

with Σ the covariance matrix:

Σ =
[

2/3 −2/3
−2/3 2/3

]
.
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Conclusions

We got a complete asymptotical stochastic model of the k-tuples in
mutation systems.

The distribution of k-tuples can be used to estimate the entropy
(capacity) of the system (see [Lou, Schwartz, Bruck, Farnoud ’19]).

The asymptotic frequency is independent of the starting word,
meaning the initial data is getting lost completely after too many
mutations*.

Knowing the asymptotic distribution can allow us to confirm a
suggested mutation law of a system.

These results provide a deeper insight into the long-term process of
DNA mutations which is crucial to ensuring the reliability and
efficiency of DNA data storage systems.
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Future Problems

1 Proving CLT for mutations over blocks of symbols instead of single
symbols

2 Finding effective error-correcting coding schemes
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Thank you!
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