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@ [y, the finite field with g elements, where g is a power of a
prime number

@ P2, the projective plane over the algebraic closure Fq of Fy

@ P2(Fy) := {(a, B,7) € P? | a, B,7 € Fq}, the set of
Fq-rational points of P2

@ For a non-constant Fg-polynomial f in Fq(x, y, z], the zero
set V(f) of f,
V(f) := {P € P? | f{(P) = 0}, the F4-curve

@ For an F4-curve C = V(f),
C(Fq) ={(e,8,7) € C|,B,y € Fq} = CﬂIP’z(IFq), the
set of Fg-rational points of C

@ Ny(C) :=|C(Fq)|, the number of F4-points of C



@ For a point P on a curve C, LpC means the tangent line to
CatP.

@ In this note, w denotes a primitive element of Fg, i.e.,
Fqg={0}u{w'|i=0,1,...,9—2}.
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A Hermitian curve

@ Suppose that q is an even power of a prime number.
(Hence /q is an integer.)

@ A Hermitian curve is the curve defined by the equation

X\/a-H +y\/§+1 _|_Z\/5+1 -0

1.0 0\ /x
& (xvd yva zva) (0o 1 0] [y]|=0
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A Hermitian curve and its relative

ay a2 a3
@ LetA= | ax ax ax | € PGL(3,Fq), and C4 the plane
az1 dz2 dass
curve defined by

ayr a2 a3 X
0= (xVa yv@ zV9) |ay ax ax| |y
a3y daz2 as3 4

= ap XV + apxVay + aixV9z + ap xy V9 + apy VIt
+ apayV9z + ag1 x2V9 + agoyzV9 + azzVt.

We call such a curve a Hermitian-relative curve.




Equivalence of Hermitian-relative curves

Under the coordinate transformation

X X
y'| =771 y]| with T € PGL(3,Fy),
z z

we obtain the following identity:

X X!
(x\/a y\/a z\/a) A (_y) = (X’\/a y/\/a ZI\/a) T*AT (y’) .
z z

Thus, two Hermitian-relative curves Cx and Cg are projectively
equivalent over [Fq if and only if there is a matrix

T € PGL(3,Fq) such that B = T*AT in PGL(3,Fg). Recall that
A and B are said to be congruent in linear algebra.

In this sense, a Hermitian-relative curve Cy4 is a Hermitian
curve if and only if A = A*.



Pardini’s Theorem

Theorem 1 (Pardini, 1986).

Letf(x,y,z) € Fq[x, y, z] be a homogeneous polynomial of
degree \/q+ 1. The curve C defined by f(x,y,z) =0 in P? is
projectively equivalent over Fq to a Hermitian curve of degree
Vg + 1 ifand only if C is a Hermitian-relative curve, that is,
there exists A € PGL(3,Fq) such that

X
f(x,y,z) = (xVa yva zVa) A (y) )
z




Number of IF4-points of a Hermitian-relative curve

Recall that Ng(Ca) = |Ca(Fg)| is the number of F4-points of Ca.

Theorem 2 (Homma-K, 2024).

Ng(Ca) =1 (mod /q). In particular, Ca(Fq) is not empty.

@ (well known) If C4 is Hermitian, then Ny(Ca) = ﬁS + 1.

@ Forany P e Ca, i(CaeLlp(Ca); P) =\/qor./q+1. Apoint
P is called an inflexion if i(CaeLp(Ca); P) = /G + 1.

@ If C4is Hermitian, all points of Ca(Fg) are inflexions.

@ Denote /4(C) the number of rational inflexions on C. We
say that a curve C is of type (n, /) if Ng(C) = nand
Ig(C) = i.



The mirror of Cy

Proposition 1 (Homma-K, 2024).
@ Cy- is called the mirror of Cy;
C4 is Hermitian < Cy = Cp-.
@ Let P be anFq4-point. Then P is an inflexion of Ca < P is
an inflexion of Cpx.
In this case, i(Ca«Ca+; P) > \/q+ 1 if Ca (0or Ca-) is not
Hermitian.

.

@ If Ca is not Hermitian, then Ny(Ca) < (/g + 1)?, and if
equality holds, then C4 has no (rational) inflexions.




A bijection ¢4 between F,-points

Proposition 2.

Let A € PGL(3, q) be a nonsingular matrix over a field Fq, and
Ca the Hermitian-relative curve corresponding to A. Let

©a: Ca(Fq) — Ca(Fq) be a map defined by pa(P) = Q, where
P € Ca(Fq) and CoLpCa = \/q P + Q. Then, for

P = (X0, Yo, 20), we have

pa(P) = wal(Xo, Yo, 20) = (A~ A*(x7, vg 20)")"-

.




Classification of the Cy4’s with at least two F4-inflexions

Let C be a Hermitian-relative curve with at least two rational
inflexions. We may choose a system of coordinates of P? over
Fq such that

@ P=(1,0,0)and Q = (0, 1,0) are inflexions of C
@ Lp(C)={y=0}and Lg(C) = {x =0}.
A direct calculation shows that curve C is projejctively
equivalent to the following curve.

0 0 1

010
xVAy 4+ nxyvVa 4 zVa+1 = 0, A(n 0 0)




Classification of the Cy4’s with at least two F4-inflexions

Depending on the value of the coefficient » in the above
equation, we have the following results. (Homma-K, 2024)

Ng(Ca) | I4(Ca) classes
n=1 V& 1|3 +1 1 (Hermitian)
Nmn=1andn#1| /g+1 | Vq+1 Va
Nm # 1 q+1 2 [3(va+1(va-2)
Here Nm : F; — I’ 5 is the norm defined by Nm(x) = xVart,

To find the number of classes, we use the following:
010 0 10
n 0 0l~[# 0 0| <y =nornpVa.
0 0 1 0 0 1



A Classification of the C4’s from another viewpoint

Table: Classification

Case A:
All Rational Points

are Inflections

Case B:
Has Non-inflection

Rational Points

< 1 Inflection

Case 1: . N
Classified Classified

> 2 Inflections

Case 2: . o
Remaining Remaining




A HR curve with only one F4-point

We classify Hermitian-relative curves with only one F4-point.
Then such curves satisfy the condition that all F4-points are
inflexions. Let C be such a curve with only one Fg4-point P. We
may choose a system of coordinates of P? over F such that

@ P =(1,0,0) is an inflexion of C

® Lp(C) ={y=0}.
A direct calculation shows that curve C is projejctively
equivalent to the following curve.

XVt 4 gyVatl 4 yvVaz 4 yzva = 0 withn € Fg \ F /q.
Furthermore, two curves arising fromn,n' € Fg \ F /g are
projectively equivalent over F .




HR curves whose F4-points are all inflexions.

Theorem 4.

There exist Hermitian-relative curves of types
(gv9+1,9/9+1),(Vg+1,v/q9+1),and (1,1). Moreover, if
Ny(C) = I4(C) for a Hermitian-relative curve C, then its type
must be one of these three cases.

@ Ny(C) =qy/q+1ifandonlyif Cis a Hermition curve.

@ Ny4(C)=./q+1ifandonlyif Cis projectively equivalent to
the curve xVatT 4 yvat! 4 pzvatl — g with n € Fg \ F q.

@ Ny(C) =1ifand only if C is projectively equivalent to the
curve xVa+! 4 pyvatt 4 yVaz 4 yzva = 0 with n € Fg \ F 5.

The corresponding matrices are as follows;

100, /100 /100
o1o0l,{0o10] [0on 1]
o001/ \oo gy \o1o0



Curves with Ny(C) > 14(C)

Let C be a Hermitian-relative curve wiht an Fq-point P which is
not an inflexion. We may choose a system of coordinates of P?
over [Fq such that

@ P=(1,0,0), ¢(P) = (0,1,0), and ©?(P) = (0,0, 1).
e LpC= {Z = 0} and Tgo(P)C = {X = 0}.
A direct calculation shows that curve C is projejctively
equivalent to the following curve.

If a Hermitian-relative curve C has an F4-point which is not an
inflexion, then it is projectively equivalent to

Cap: XV9z 4+ xyV9 4+ bxV9z + ayz¥9 =0

where a,b € Fq, a # 0.




Classification of curves C,, with b =10

For a Hermitian-relative curve
Cao: xVz 4+ xyV9 4+ ayzV9 =0,

the following hold:
@ If\/q=0 (mod 3), then C, is of type (q+ 1,1).
@ If\/g=1 (mod 3), then C, is of type (9 + 1,2).
@ If\/q =2 (mod 3), then C,y is of type (g + 2,/ + 1,0) for

a=w¥,0<j< %" and(q— /q+1,0), otherwise. Here
w Is a primitive element of IF.

),
),




Transform C,p (a, b € IF;;) into a simpler form

The curve C,p: xV9z + xyVa 4 bxViz + ayzV4 =0, a,b € F},
0 0 1

is corresponds to the matrix A;p= [ 1 0 0. If we let
b ao

bava 0 0 0 0 1
T= 0 —bY9 0|, thenT*A;pT=|-c 0 O0]in

0 0 1 c -1 0
PGL(3,Fq), where ¢ = b(2)vVa-1.

The Hermitian-relative curve C,p, (a, b € Fy) is projectively
equivalent to C, ¢ € Fg, where

Co: xV9z — cxyV9 4 cxzV9 — yzV9 = 0.

Furthermore, any Ce, ¢ € Fy, is projectively equivalent to Ca
for some a, b € Iy,

v




The intersection of a line y = yp and C,

We want to find the numbers of rational points and inflexions of
the curve

0 0o 1
Ca: xViz—cxyVi4+cexzVa—yzv3=0. &+ A=[-c 0 O
c -1 0
We have the following:
o {z=0} N Ca(Fq) = {(1,0,0),(0,1,0)}.
o [{y =y} Cy|=1if Nm(c(yy? — 1)) # 1, where
Cq: xV9 —cxyva +cx — y = 0is the affine part of Ca, i.e.,
Can{z # 0}.
° [{y=y}nC; =q if Nm(c (yO —1))=1and
yVa 4+ ¢cvly — cva = 0.
o [{y=y}nCs=0if Nm(c(yy? — 1)) = 1 and
yva—1 4 ¢vay — ¢Va £ 0.



The number of rational points of C,

Since ‘{yo eFq| Nm(c(y‘f 1}‘ -(v/q+1),and

CA(FQ) = {(1 ,0, 0)7 (O> 1, 0)} U C:Z\(FCI)
= {(1 ) O, 0)7 (07 1 ) 0)} U U ({y = yO} N CZ(FQ))

Yo€Fq

={(1,0,0),(0,1,0)} U U {y=y}n C:Z\(FCI))
Nm(o(yy T 1)1

U{(1,0,0),(0,1,0)}U U ({YZYO}OCZ(FCI)%

Nm(c(yy/T—1))=1

we have |Ca(Fg)| = g —+/q+ 1+ 5,/q, where s =
{yo € Fq | Nm(c(yy/® ~ 1)) = 1and yg@ ' + ¢¥dy — ¢vd = 0}.
Thus it is obvious that |Ca(Fq)| > g — /g + 1.



Eigenvalues and eigenvectors of U = A~ A*

Let U = A" A*. Recall that, for P = (X, Yo, 20)! € Ca(Fy)
@ pa(P) = (A~1A*)P = UP. (by Proposition 2)
@ LpC,Cp= ﬁP + gDA(P).
@ Pis an inflexion of C4 < pa(P) = P.

The characteristic polynomial of U is
Py(\) = A3 — cVaN2 4 cVaN — VI,
If Py(Xo) = 0, then the corresponding eigenvector is

(gx: 1=V, 1).

Lemma 8.

Two matrices U* and U~ are similar to each other. So we have
Py+(X\) = Py-1(X). Therefore, if Ny is an eigenvalue of U, then
Aa/a =\, for some eigenvalue \; of U. Note that A need not
be equal to \q.

™ = = =



Classification of characteristic polynomials Py()\)

Proposition 3.

The polynomial Py (\) satisfies one of the following:

(i) Py(\) has the triple root. In this case, the triple root is 1
and it occurs only when ¢ = 3 and p # 3.

(i) Py(X) has one double root and the other simple root. In
this case, both roots belong to p. /5. 1-

(iii) Py(X) has three simple roots, all of which belong to . /5.1.

(iv) Py(\) has three simple roots, only one of which belongs to
1t /q+1, and the other two, say 3 and ~ satisfy 3V = v~.

(v) Py(A) is irreducible.

Remark. Py()) can not have an irreducible factor of degree 2.



Eigenvalues, eigenvectors, inflexions and /qg-lines

Denote 11 g1 = {¢ € Fq | (V! = 1} the set of (/g + 1)-th
root of unity. We have the following:

If Ao is a root of Py(A), i.e., an eigenvalue of U, then
(gx:1— ¢V, 1)isaninflexionory =1 — ¢ V) is a
Vg-line of C3, which means [{y =1 - ¢ Vi\} N C3| = Q.
If Ao is a double or triple root of Py()\), then )y € p/g+1 and
(CLAUJ — ¢ V), 1)is aninflexion,and y =1 —c V) is a
v/g-line of Cj.

If Ao € 11 g+1 is aroot of Py(X), theny =1 —c Vi) isa
v/g-line of C3.

If Mo & 11,/g+1 is @root of Py(A), then (c1To»1 — ¢V, 1) is an
inflexion.

If (X0, Yo, 1) is an inflexion, then X\o = ¢V9(1 — o) is a root of
Py()), i.e., an eigenvalue of U.

If y = yo ia a \/g-line of C3, then Ao = ¢V9(1 — y) is a root of
Py()), i.e., an eigenvalue of U.



Eigenvalues, eigenvectors, inflexions and /qg-lines

@ If Py()) has three distinct roots «;, i = 1,2, 3, which
belong to 11, 41, then the three corresponding lines
y =1—c VY%, are all \,/g-lines of C2 and C; has no
inflexion.

@ Suppose that Py(A) has three distinct roots, exactly one of
which belongs to . .4. Then the two eigenvectors
corresponding to the other two eigenvalues are inflexions
of Ce.

Consider the set of polynomials P = {f; | ¢ € Fg}, where
fo(A\) = A3 — ¢VaNZ 4 ¢VIN — ¢va T,

o Ifa,8,v€pgi1anda+ f+vy=aB+pBy+ay#0,then
a, 3, and ~y are the roots of the polynomial f;, where
c=(a+B+7)Va.

@ Forp#2,3and a € u 541, there exists an element ¢ € Fy,
such that « is a double root of the polynomial f.. Moreover,

the remaining root of f; is given by O‘éi:?), which also

belongs to i ﬁﬂ.



Eigenvalues, eigenvectors, inflexions and /qg-lines

@ For the cases p = 2 and p = 3, the following statements
hold.
@ When p =2, foreach a € H/Gits the polynomial f;,
¢ = a?V9, has « as a double root and the other root is o?.
e When p = 3, if the polynomial f; (with ¢ # 0) possesses a
double root «, then it must be o = 2. Specifically, for
a=2¢€ p g andany 3 € pu g4\ {2}, the polynomial £
with ¢ = (1 + 3)v¥ has 2 as a double root and 3 as the
remaining simple root.
@ Suppose that o, 5 € [, /g+1 are roots of f; for some ¢ € Fy,.
o Ifa+pB3+#1anda?+aB + 32 # 0, then the third root v
belongs to u, 5.1, @and v and c are explicitly given by

_atBoaf o (PraBr Y
 a+p -1 B a+p—1 '
e If « + 8 =1, then it necessarily follows that a5 = 1.
Furthermore, for any v € 11 5.1 \ {—1}, the elements «, 8,y
are the roots of fo(\) with ¢ = (1 + v)v9 =1 + 4VA.




Classification of HR curves C, with ¢ € F7

=1
@ The solutions to the system of equations ap
a+ =1

over Fq are given as follows:
o If gis even (ie., p = 2), then {a, 8} = {5 ™5 }.
e If3|qg(ie,p=3),thena=p=-1=2.
o If p+ 2,3, then {a, 5}_{ gl w“%”}_
® Leta € p g1 and B3,y € Fy satisfying v = g~V9. If
a+fB+v=af+ By+ya#0, then a, 5, are the roots of
the polynomial f;(\), where ¢ = (o + 8 + )V,
@ Let 3 and v be elements of Fq such that 3v9 =
o If3+vy#1and B2+ By +12#0, leta = Z= fj’v - Then

Br—
« € (1541 @nd a, 8, are the roots of f; for

2 2 \/a
c— (Bgrfv'y:'v ) )
o lf3+~=1,theny=p3"€F gandcvi' 3 varethe
roots of f;, where c¢ satisfies the relation
cVi—cvi ' —1=0.




Classification of HR curves C, with ¢ € F7

@ Let o and 3 be (,/q + 1)-th roots of unity in Fy. Suppose
that « + 8 = 1. Then a8 = 1 and the following statements

hold:
e The case g =0 (mod 2) (Characteristic p = 2): If /g =2
(mod 3), then the solutions are:

a=1 2g-1)
a=w 3 or a=w 3

— 29-1) — a—1
5:@1:w 3 /B:a1:w3

If \/@=1 (mod 3), then there is no solution.

e The case g =0 (mod 3) (Characteristic p = 3): The only
solutionis a = 5 = 2.

e The other cases (p # 2,3): If ,/g =2 (mod 3), then the
solutions are:

-t 5(g-1)
a=w 6 a=w 6
{ﬂ—a1 :w5(q_1) or {/8—041 :wq%
If /g=1 (mod 3), then there is no solution.




Classification of HR curves C, with ¢ € F7

@ Let a and 3 be elements of F such that av9 = 31 and
a + B =1. Then the following statements hold:

e Case g=0 (mod 2): If ,/g =1 (mod 3), the solutions are:

a1 2g-1)
a=w 3 or a=w 3

— 29-1) — a1
5:@1:w 3 /8:@1:0_}3

If /g =2 (mod 3), there is no solution.
e Case g =0 (mod 3): The unique solutionis a = 8 = 2,
which belongs to the group of (/g + 1)-th roots of unity,

H/g+1-
e Casep#2,3:If\/g=1 (mod 3), the solutions are:

g1 5(9—1)
a=w 6 or o =w 6

_ 5(g=1) _ a1
B:Og 1:(.(} /8:05 1:w 6

If /@ =2 (mod 3), there is no solution.




Classification of HR curves C, with ¢ € F7

@ Consider the equation a® + a8 + 32 = 0 for a, 8 € p1. sg41.
e Case /g =0 (mod 3): The equation is satisfied if and only

if « = 6.
e Case /g=1 (mod 3): The equation has no solutions in
H/g+1-
e Case /g =2 (mod 3): The solutions are 3 = aw’ and
2(g—1)
fb=aw 3 .

@ Consider the equation o + a3 + 32 = 0 for a, 3 € Fq such
that aV9 = 3~'. Then the following statements hold:

e Case /g =0 (mod 3): The equation is satisfied if and only

if = 3. In this case, « (and thus 3) necessarily belongs to

H/g+1-
e Case /g =1 (mod 3): The solutions are given by

8 =aw’ orf = aw’%"
e Case /g =2 (mod 3): There are no solutions satisfying
the given conditions.




Classification of HR curves C, with ¢ € F7

@ Letthree sets S;, S, and Ss as follows;

Sy ={(a,8,7) € (u\/(—m)a | o, B,~ are roots of f. for some ¢ € Fy}

S = {(@, 1) € (uyar) lat B#T, o +ap+ B2 £0, y= 2 BBy

a+p -1
Ss = {(, 8,7) € (nygi1)® la+B=1, v # -1}
Then S; is the disjoint union of S, and Ss.

@ For /g =0 (mod 3), we observe the following properties.
e There exists no polynomial f; with ¢ # 0 that possesses a
triple root.
e The number of polynomials f; having a double root is \/q.
In this case, both the double root and the remaining simple
root belong to 4 /g 1-
e The number of polynomials f; that have three distinct roots,
all of which belong to 11 4.1,
9-v9

is given by 5




Classification of HR curves C, with ¢ € F7

@ For /g =1 (mod 3), we observe the following properties.
e There exists a unique polynomial f; with ¢ # 0 that has a
triple root. In this case, the triple rootis 1 and ¢ = 3 (or
c=1ifp=2).
e The number of polynomials f; having a double root is /q.
In this case, both the double root and the remaining simple
root belong to 4 /g 1-
e The number of polynomials f; that have three distinct roots,
all of which belong to p, 41, is given by 9 6\/6'
@ For /g =2 (mod 3), we observe the following properties.
e There exists a unique polynomial f; with ¢ # 0 that has a
triple root. In this case, the triple rootis 1 and ¢ = 3 (or
c=1ifp=2).
e The number of polynomials f; having a double root is \/q.
In this case, both the double root and the remaining simple
root belong to 11 1.
e The number of polynomials f, that have three distinct roots,

— -2
all of which belong to 11 4.1, is given by %




Classification of HR curves C, with ¢ € F7

@ The number of characteristic polynomials that have three
distinct simple roots, where only one of them belongs to

N\/a+1! IS
when /g =0 (mod 3)

q-— -2
q- -4
—————when ,/g=1 (mod 3)
q- -2

NEI\)EI\)E

when ,/g=2 (mod 3)
@ The number of irreducible characteristic polynomials f,
c € FyoverFqis:

q_s\@ when /G=0 (mod 3)

q _3\/6 when ,/g=1 (mod 3)

%\/H when ,/g=2 (mod 3)
e 4 4444



Classification of HR curves C; with ¢ € F*

Case o) the number of polynomials
’ JG=0 (mod3) | /G=1 (mod3) | /G=2 (mod 3)
— — — /g2
® | (@-v3+1,0) e i ==
(I (g+1,1) 0 1 1
— /G2 — /G4 — /g2
a | (g+1.2) e 5 Gy
av) | (g+g+1,1) N NG NG
— — )
) (q+2\/a+170) qsx/a ‘76\/5 q 6‘7

In the table, “Cases” mean as follows;
(I) f; is an irreducible polynomial.
(I1) fo has a triple root.
(Ill) fz has three simple roots, only one of them is (\/q + 1)-th root of unity.

(IV) f; has a double root and the other simple root, both of them are
(+/q + 1)-th roots of unity.

(V) f. has three simple roots which are all (/q + 1)-th roots of unity.

=) = =




Classification of all Hermitian-relative curves

Using Theorems 4, 6 and 9, we obtain

Theorem 10.

Letq > 4. A pair (n, i) is the type of a Hermitian-relative curve if
and only if (n, i) belongs to the set

{(ava+1,0v/q+1),(vVa+1,vq+1),(1,1),
(q_\/a+1a0)7(q+171)7(q+132)a
(g++vq+1,1),(g+2,/q9+1,0)}.

Remark. Consider the case g = 4. As we see in the next table,
all types except (q + 1,2) = (5,2) occur in some
Hermitian-relative curve. In the case g > 4, the type (g + 1,2)
occurs when the Py()) has a root which does not belong to

. /g+1- However, for g = 4, every nonzero element belongs to

H/G+1 = H3-

v




The case g = 4, after Hirschfeld

J. W. P. Hirschfeld, Projective geometries over finite fields (second edition),
Oxford University Press, Oxford, 1998 §11

Fs = {0,1,w,w?}, w3 =1

Equation of C Ny(C) | 14(C)
X2y + xy? + 28 9 9 Hermitian
X2y 4+ wxy® + 28 3 3 Nmw=1,w # 1
X2y + wPxy? + 28 3 3 | Nmuw? =12 #1
X*+wys+y?z+yz2 | 1 | 1 |  Theorem3
wx3 +wyd + y?z 4y 7 1 7=q+/q+1
w?x3 + W?y8 4 Y2z 4 yz? 7 1
X3+ xy? + y2z + yz° 5 1 5=q+1
x3 +wyd + w228 9 0 9= (/g+1)?
X°Z + xy® 4+ wyz? 3 0 3=q9—-/q+1
X2z 4 xy? + w?yz? 3 0
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Projectively equivalence classes of all types

In WAIFI2026, Santander, Spain, we obtained the table:

Table: Classification of projective equivalence classes for each type

. The number of equivalence classes

Type of Curve (n, i)
v@=0 (mod 3) | /=1 (mod 3) | /g=2 (mod 3)

(gv/q+1,9/q+1) 1 1 1
(Va+1.va+1) % Va %
(1,1) 1 1 1
(q \F+1 0) ‘7*3\/5 Q*sx/a Q*\éa+4
(g+1,1) 1 1 1
(g+1,2) 9—vq-2 9-va-2 4-a-2
(9+vg+1.1) Va Va Va
(g+2y/q+1,0) q‘eﬁ a—sﬁ q—%a+4




Thank you for your attention!!!




