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Vanishing and nonvanishing k-flats

▶ Let F : Fn
2 → Fm

2 , in short, an (n,m)-function.

▶ Let A be a k-dimensional affine subspace of Fn
2, in short a k-flat.

Definition

The k-flat A is nonvanishing with respect to F if∑
x∈A

F (x) ̸= 0.

▶ If
∑

x∈A F (x) = 0, then A is vanishing with respect to F .

▶ The concept was introduced by Li et al. (2020) motivated by APN functions.

Christian Kaspers (Magdeburg) Nonvanishing k-flats WCC 2026 2 / 16



APN functions

Definition (Nyberg 1994)

An (n, n)-function F is called almost perfect nonlinear (APN) if the equation

F (x + a) + F (x) = b

has 0 or 2 solutions for all a, b ∈ Fn
2 where a ̸= 0.

▶ Cryptographers like nonlinear functions.

▶ If F is linear, then F (x + a) + F (x) = F (a), so we have 2n solutions for b = F (a).

▶ Least linear would be one solution to F (x + a) + F (x) = b – not possible over F2.

APN functions are optimal!
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APN functions and (non)vanishing 2-flats

Rodier condition

F is APN ⇐⇒
∑

x∈A F (x) ̸= 0 for all 2-flats A ⊆ Fn
2.

Denote by NA,k(F ) the set of nonvanishing k-flats of F .

▶ For an (n, n)-function F , we have |NA,2(F )| = 2n−k
[n
k

]
2
− 1

3

∑
a,b∈Fn

2,a ̸=0

(
δF (a,b)/2

2

)
, where

δF (a, b) is the number of solutions to F (x + a) + F (x) = b. (Li et al. 2020)

▶ For an (n,m)-function F , we have |NA,2(F )| = 24n(2m−1)−ω
3·2n+m+3 , where ω =

∑
W∈WF

W 4 is
the sum of the fourth powers of the Walsh coefficients of F . (Arshad 2018)

▶ For an n-variable Boolean function f , we have |NA,2(f )| ≤ 22n−4(2n−1)
3 and equality holds

if and only if f is bent. (Arshad 2018)
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kth-order sum-free functions

Definition (Carlet 2025b,c)

An (n,m)-function F is kth-order sum-free if for all k-flats A ⊆ Fn
2 we have∑

x∈A
F (x) ̸= 0.

▶ F is APN ⇐⇒ F is 2nd-order sum-free.

▶ x
2jk−1

2j−1 is kth-order sum-free if gcd(j , n) = 1, in particular x2
k−1. (Carlet 2025a,c)

▶ For n odd, x2
n−2 is kth-order sum-free for k ∈ {1, 2, n − 2, n − 1}
(Carlet 2025b; Carlet and Hou 2024; Ebeling et al. 2026; Hou and Zhao 2026a,b).

▶ m ≥ max {k + 2, n − k + 2}, and any kth-order sum-free (n,m)-function gives rise to a
codimension m linear subcode of RM(n − k , n) with minimum distance 3 · 2k−1.

(Heering, Kaspers, and Taranchuk 2026)
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Our contribution

1. We present a new matrix approach to determine the number |NA,k(f )| of nonvanishing
k-flats of a Boolean function f of algebraic degree k.

2. We precisely determine |NA,k(f )| for an infinite family of Boolean functions of algebraic
degree k .

3. We discover a duality between nonvanishing k-flats and nonvanishing (n − k)-flats. This
gives rise to new (n − k)th-order sum-free functions.

Before we start, we need to talk about the algebraic degree!
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Nonvanishing k-flats and the algebraic degree

NA,k(F ) – nonvanishing k-flats of F ,

Nk(F ) – nonvanishing k-subspaces of F

Observation I

If degalg(F ) < k , then |NA,k(F )| = 0.

▶ If F is kth-order sum-free, then degalg(F ) ≥ k .

▶ Any terms of F of algebraic degree < k are irrelevant for |NA,k(F )|.

Observation II

If degalg(F ) = k and U is a k-subspace, then
∑

x∈U F (x) =
∑

x∈U+a F (x) for all a.

▶ If degalg(F ) = k , then |NA,k(F )| = 2n−k |Nk(F )|.

If degalg(F ) = k , then study only the degree-k terms of F and |Nk(F )|!
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Nonvanishing k-flats of d -intersecting Boolean functions
If m = xi1 . . . xir , write Var(m) = {i1, . . . , ir}.

Definition

Let m1, . . . ,mt be monomials and f = m1 + · · ·+mt . We say f is d-intersecting if there is a
set D with |D| = d such that Var(mi ) ∩ Var(mj) = D for all i ̸= j .

▶ f = x1x2 + x3x4 + x5x6 is 0-intersecting

▶ f = x1x2x3 + x1x2x4 + x1x2x5 is 2-intersecting (with D = {1, 2})

Theorem (K 2026)

Let f be a d-intersecting, k-homogeneous n-variable Boolean function with t terms. We have

|Nk(f )| =
t∑

ℓ=1

(−2)ℓ−1

(
t

ℓ

)
2k(n−ℓk+(ℓ−1)d)

k−d−1∏
i=0

(2k − 2i+d)ℓ−1.
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Duality between nonvanishing k- and (n − k)-flats

Definition

Let m be an n-variable monomial. We call the monomial m with Var(m) = {1, . . . , n} \Var(m)
the complement of m. Analogous, for f = m1 + · · ·+mt define f = m1 + · · ·+mt

▶ example for n = 5: for f = x1x2 + x2x3, we have f = x3x4x5 + x1x4x5.

▶ deg(m) = k =⇒ deg(m) = n − k

Recall the orthogonal complement of U: U⊥ := {v ∈ Fn
2 : ⟨v , u⟩ = 0 ∀u ∈ U}

▶ dimU = k =⇒ dimU⊥ = n − k

Theorem (K 2026)

Let f be a k-homogeneous n-variable Boolean function. Then U ∈ Nk(f ) iff U⊥ ∈ Nn−k(f ).
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Consequences of the duality between nonvanishing k- and (n − k)-flats

For Boolean functions:

Corollary (K 2026)

Complements of quadratic bent functions have the most nonvanishing (n − 2)-flats.

For vectorial functions:

for F (x) = (f1(x), . . . , fm(x)) define F (x) = (f1(x), . . . , fm(x)).

Corollary (K 2026)

Let F be a k-homogeneous (n,m)-function. Then U ∈ Nk(F ) iff U⊥ ∈ Nn−k(F ).

Corollary (K 2026)

Let F be a k-homogeneous (n,m)-function. Then F is k-th order sum-free iff F is
(n − k)th-order sum-free.
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Example: (n − k)th-order sum-free from kth-order sum-free

▶ f (x) = x3 is quadratic and 2nd-order sum-free (APN) on F5
2

▶ ANF
x1x5 + x2x3 + x2x4 + x3x4 + x1,
x1x2 + x1x4 + x4x5 + x3 + x4 + x5,
x1x2 + x1x3 + x1x5 + x2x3 + x3x5 + x4x5 + x5,
x1x5 + x3x4 + x3x5 + x2 + x3 + x4 + x5,
x1x3 + x1x5 + x2x3 + x2x4 + x2x5 + x3x4 + x3x5 + x4x5 + x4

▶ determine the complement f ′:
x2x3x4 + x1x4x5 + x1x3x5 + x1x2x5,
x3x4x5 + x2x3x5 + x1x2x3,
x3x4x5 + x2x4x5 + x2x3x4 + x1x4x5 + x1x2x4 + x1x2x3,
x2x3x4 + x1x2x5 + x1x2x4,
x2x4x5 + x2x3x4 + x1x4x5 + x1x3x5 + x1x3x4 + x1x2x5 + x1x2x4 + x1x2x3

▶ f ′ is 5− 2 = 3rd-order sum-free on F5
2

univariate representation:

f ′ = a12x28 + a10x26 + a3x25 + a27x24 + a5x22 + a17x21 + a22x20 + a7x19 + a3x18 + a26x17 + a19x16 + a17x14 +

a27x13 + a30x12 + a7x11 + a16x10 + a10x9 + a26x8 + a25x7 + a25x6 + a19x5 + a25x4 + a6x3 + ax2 + a19x
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Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (I)
▶ Which 2-subspaces are nonvanishing with respect to x1x2?

We represent a 2-subspace U by its corresponding matrix GU in RREF:

GU =

(
10000
01000

)
∼ U =

00000
10000
01000
11000

, GV =

(
10010
00110

)
∼ V =

00000
10010
00110
10100

▶ We have U ∈ N2(x1x2) and V /∈ N2(x1x2).

▶ So U ∈ N2(xixj) iff columns i and j of GU are linearly independent.

For example

N2(x1x2) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)}
N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

)
and rank

(
∗∗
∗∗

)
= 2

}
.
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Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (II)

▶ We now determine |Nk(m)| for a monomial m of degree k.

N2(x1x2) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)}
N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

)
and rank

(
∗∗
∗∗

)
= 2

}

▶ For x1x2 we can choose each ∗ ∈ F2 arbitrarily =⇒ |N2(x1x2)| = 2k(n−k) = 26 = 64.

Theorem

Let m be an n-variable monomial of degree k. Then |N2(m)| = 2k(n−k)

▶ Now what about f = x1x2 + x3x4?

Christian Kaspers (Magdeburg) Nonvanishing k-flats WCC 2026 13 / 16



Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (II)

▶ We now determine |Nk(m)| for a monomial m of degree k.

N2(x1x2) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)}
N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

)
and rank

(
∗∗
∗∗

)
= 2

}

▶ For x1x2 we can choose each ∗ ∈ F2 arbitrarily =⇒ |N2(x1x2)| = 2k(n−k) = 26 = 64.

Theorem

Let m be an n-variable monomial of degree k. Then |N2(m)| = 2k(n−k)

▶ Now what about f = x1x2 + x3x4?

Christian Kaspers (Magdeburg) Nonvanishing k-flats WCC 2026 13 / 16



Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (II)

▶ We now determine |Nk(m)| for a monomial m of degree k.

N2(x1x2) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)}
N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

)
and rank

(
∗∗
∗∗

)
= 2

}

▶ For x1x2 we can choose each ∗ ∈ F2 arbitrarily =⇒ |N2(x1x2)| = 2k(n−k) = 26 = 64.

Theorem

Let m be an n-variable monomial of degree k. Then |N2(m)| = 2k(n−k)

▶ Now what about f = x1x2 + x3x4?

Christian Kaspers (Magdeburg) Nonvanishing k-flats WCC 2026 13 / 16



Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (II)

▶ We now determine |Nk(m)| for a monomial m of degree k.

N2(x1x2) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)}
N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

)
and rank

(
∗∗
∗∗

)
= 2

}

▶ For x1x2 we can choose each ∗ ∈ F2 arbitrarily =⇒ |N2(x1x2)| = 2k(n−k) = 26 = 64.

Theorem

Let m be an n-variable monomial of degree k. Then |N2(m)| = 2k(n−k)

▶ Now what about f = x1x2 + x3x4?

Christian Kaspers (Magdeburg) Nonvanishing k-flats WCC 2026 13 / 16



Matrix approach to determine |Nk(f )| – Example with n = 5, k = 2 (III)

Let f = x1x2 + x3x4 and observe that
∑

x∈U f (x) =
∑

x∈U x1x2 +
∑

x∈U x3x4.

▶ U ∈ N2(f ) iff either U ∈ N2(x1x2) or U ∈ N2(x3x4)

▶ N2(f ) = N2(x1x2)△N2(x3x4) and

|N2(f )| = |N2(x1x2)|+ |N2(x3x4)| − 2|N2(x1x2) ∩ N2(x3x4)|

N2(x1x2) ∩ N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)
and rank

(
∗∗
∗∗

)
= 2

}
▶ So |N2(f )| = 64 + 64− 2 · 6 · 4 = 80

We can determine |Nk(f )| by counting matrices in RREF with prescribed sets of linearly
independent columns and using the PIE!
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Let f = x1x2 + x3x4 and observe that
∑

x∈U f (x) =
∑

x∈U x1x2 +
∑

x∈U x3x4.

▶ U ∈ N2(f ) iff either U ∈ N2(x1x2) or U ∈ N2(x3x4)

▶ N2(f ) = N2(x1x2)△N2(x3x4) and

|N2(f )| = |N2(x1x2)|+ |N2(x3x4)| − 2|N2(x1x2) ∩ N2(x3x4)|

N2(x1x2) ∩ N2(x3x4) =

{
U ⊆ F5

2 : GU =

(
10 ∗ ∗∗
01 ∗ ∗∗

)
and rank

(
∗∗
∗∗

)
= 2

}
▶ So |N2(f )| = 64 + 64− 2 · 6 · 4 = 80

We can determine |Nk(f )| by counting matrices in RREF with prescribed sets of linearly
independent columns and using the PIE!
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A matrix approach to determine |Nk(f )|

Theorem (K 2026)

Let f be a k-homogeneous n-variable Boolean function with t terms: f = m1 + · · ·+mt . Then

|Nk(f )| =
t∑

ℓ=1

(−2)ℓ−1
∑

{i1,...,iℓ}∈(nℓ)

∣∣∣∣∣∣
ℓ⋂

j=1

Nk(mij )

∣∣∣∣∣∣
and

ℓ⋂
j=1

Nk(mj) = {U ⊆ Fn
2 : rank(GU [Var(mj)]) = k for j ∈ {1, . . . , ℓ}} ,

where GU [Var(mj)] is the k × k matrix consisting of the columns i ∈ Var(mj) of GU .

How to count matrices in RREF with prescribed sets of independent columns?
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Summary and further questions

Main results:

▶ A new approach to study the nonvanishing k-flats of functions of algebraic degree k

▶ Determining the precise number of nonvanishing k-flats for k-homogeneous d-intersecting
Boolean functions

▶ Establishing a duality between nonvanishing k-flats and nonvanishing (n − k)-flats

Open problems:

▶ Can this matrix approach be used algorithmically to effectively compute |Nk(f )|?
▶ Can we use the matrix approach to tackle other Boolean funtions?

Merci beaucoup de votre attention!
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