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Schur product

@ Given two vectors u = (Ug, ..., Um—1),vV = (vo,...,Vm—1) € Fg, we define their
Schur product, denoted by u x v, as

usxv=_(Up Voy-..,Un-1-Vm_1)-

o If C; and C; are two linear codes of the same length over the same field, then their
Schur product is

Ci*xCy = Span]Fq{cl *0:ca €l,oc Cz}.

o If Gi and G are generator matrices of C; and C> with ki and k> rows, respectively,
then
CixCo = Spang {rixs:1<i<k,1<j<k}

1

so that r; and s; denote the ™ and j*" rows of G, and G, respectively.
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Cyclic Codes
o An [m, k]q—linear code C is a cyclic code if ¢ = (¢, c1, ..., Em—1) € C implies
(Cmfl, Co,Cly .- -, Cmfz) eC.

@ Let R:=Tg4[x]/(x™ — 1) and g(x) € R be the generator polynomial of the
[m, k] -cyclic code C with deg(g(x)) = m — k.

o C = {g(x)) and C* = (h*(x)), where h(x) = X;(;)l is a parity-check polynomial and
h*(x) = x*h ().

o Let m > 1 such that gcd(m, g) = 1 from this point on. Let r be the smallest integer
satisfying ¢" =1 mod m and let Fy be the extension of Fgq such that Fgr = Fq(),

where £ € [Fyr is a primitive m™ root of unity (i.e., Fqr is the splitting field of x™ —1
over Fg).
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Cyclic Codes as an Evaluation Codes

For w,p € Z", we now set some notation:
e zero set of C: Z(C) = {{j €Fy:g(€) = 0} = {.fjl, e ,.fj‘”},
o defining set of C: J = {j1,...,jw},
@ generating set of C: | = Qy, \ J, where Q,, = {0,1,...,m— 1},
o zeroset of C*: Z(CT) = {¢ € Fq : h*(¢) =0} = {¢",... &P}

Theorem 1

Let C be an [m, k]q-cyclic code over IFy and & be the primitive m*™™ root of unity, £ € Fgr and
ged(m, g) = 1. Assume that the defining set of C is J = {j1,...,jw} and the generating set of C
is | =Qm\J=1{i,...,it}. Then the defining set of C* is
—I={-h,...,—it}={m—i:i€el}.
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Cyclic Codes as an Evaluation Codes

Theorem 2

(Cascudo, 2018, Lemma 4) Let C be a [m, k]-cyclic code over Fq. Then B(—I)|]Fq = C such that

B(—1) = (F(1),F(€), ..., F(€™ 1)) : F(x) EFgr[x], F(x) = D fixd

je—1

=q (> Al L f; € Fgr,Vj

Je—I 0<i<m—1

In the polynomial representation over R, let u(x) = >, uix' and v(x) = Yico vix',
then u(x) * v(x) = 3, uivix'.

Theorem 3
(Cascudo, 2018, Lemma 6) C x C is a cyclic code with generator polynomial

g'(x)=ged{g*xg,g*(g-x),gx(g-x%),...,gx (g x"~del&)=1)},

e
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Schur Product of cyclic codes

Theorem 4

(Cascudo, 2018, Theorem 1) Assume that, C1 and Cy are two cyclic codes of length m over Fq
with generating sets Iy and I, respectively. Let

B(=h) = Z 6'15,‘/‘1 fy € Fgr, Vi o
J1€—h 0<i<m—1

B(—h) = > gpeh . gj, € Fgr,Vj2
J2€—h 0<i<m—1

Then we have B(*(/l + Iz))‘]Fq =CyxCy, where Iy + I, = {il +i:ih €, € 12}.
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Schur Product of cyclic codes

We now generalize (Cascudo, 2018, Definition 10) as follows.

o Given any P € P(Qm), where P(Q2m) be the power set of Qp,, the amplitude of P
will be denoted by amp(P) and it is defined as

amp(P) := min{|E|: P C E and E is consecutive} .

@ amp(P) is the size of the smallest consecutive set in Q,, that contains P.

o If amp(/) = |E| such that / is the generating set of the cyclic code C, for some
consecutive set E C Qp,, then Qn, \ E is the largest consecutive set contained in its

defining set J.
Theorem 5
(Cascudo, 2018, Theorem 2) Let C = B(—I)|]Fq be a cyclic code with generating set |. Then

Q dimg,(C) = || and dimp (CxC) = [l +I|.
Q d(C)>m—amp(l)+1and d(C*C) > m—amp(l/+ 1)+ 1.
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Fg-linear additive cyclic code over F 2 of length n

@ Assume that C is an Fg-linear additive cyclic code over F,. of length n,

@ Such an additive cyclic code can be viewed as a quasi-cyclic code of index 2 and of
length n,

@ The polynomial generator matrix of an additive cyclic code of length n over F. is of
the form (Shi et al., 2022, Theorem 3.2),

il @

where p(x), g(x), r(x) € Fq[x]/(x" — 1) with p(x)|(x" — 1), r(x)|(x" — 1) and
deg(q(x)) < deg(r(x)).
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_ SchurProductinindex2 |
Schur Product of Index 2

Algorithm 1 Polynomial Generator Matrix Schur Product of Index 2

Input: p(x), q(x), r(x)
1t dp = n—deg(p(x)) — 1
2 dr = n—deg(r(x)) — 1
3: pM(x) + ged(p(x) * p(x), p(x) * xp(x), . . ., p(x) * x% p(x))
4 r(x) « ged(r(x) * r(x), r(x) % xr(x), ..., r(x) * x4 r(x))
5: a0(x), . . ., ad,(x) «<—ExtendedEuclideanAlg((p(x) * p(x)), - .., (p(x) * x% p(x)))
6: M (x) = a0(x)(q(x) * g(x)) + -~ + ag, (x)(a(x) * x% q(x))
7: if dp > d; then
B O (x)  ged(r(x), q(x) & r(x),xq(x) % r(x), ..., xq(x)  r(x))
9: else if dp < d, then
10: r@(x) + ged(rM(x), g(x) * r(x), g(x) * xr(x), . .., g(x) * x4 r(x))
11: end if
12: (so(x), @ (x)) <+ DivisionAlg(g(V(x), r?(x))
13: return p((x), @ (x), rA(x)
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_ SchurProductinindex2 |
Schur Product of Index 2

Theorem 6

Let C be an F4-linear additive cyclic code over Fep of length n with the polynomial generator
matrix,
p(x)  a(x)
0 r(x)|"

Then the Schur product C x C is also additive cyclic with the polynomial generator matrix

PO ()
78t

where p(1)(x), g@(x), A (x) can be found by using Algorithm 1.
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Example

Let the generator matrix of C be

[ - )

r(x) 0 x—1

@ dy=n—deg(p)—1=4-2-1=1
@ d =n—deg(r)—1=4-1-1=2
p(x) q(x) x> +1 1 x>+1 1
x% p(x) = xp(x) xq(x) x(x2+1)  x(1) X3 +x  x
0 r(x) = 0 (x—-1) | = 0 x-1/|,
0 xr(x) 0 x(x—1) 0 x>-x
0 x9r r(x) = x?r(x) 0 x?(x — 1) 0 x3—x?
@ We get
p(x) = ged(p(x) * p(x), p(x) * xp(x)) = ged(x? + 1,0)
=x>+1
=1(x* +1) +0(0).
@ Since p and g are in the same row,

a(x) = 1(q(x) * (x)) + 0(q(x) * xa(x))
=1(1) + 0(0) (' -

METU
=1.
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Example
@ Then,
r(l)(x) = ged(r(x) * r(x), r(x) * xr(x), r(x) * X2r(X))
= ged(x + 1, —x,0)
=1.
@ Sinced, =1<d, =2,
r(x) = ged(rM(x), a(x) * r(x), q(x) * xr(x), q(x) * x*r(x)),
= ged(1,-1,0,0)
=1.
@ Next,

dP(x) = a1 (x) = s0(x)r?)(x)

= 1-s(x)(1)
=1-1(1)
=0,

such that deg(q(®(x)) < deg(r®(x)). Therefore
{p(X) q(X)} . {p(X) q(X)] _ {p(l)(X) qm(X)]

0 r(x) 0 rx) | o r@(x)
x24+1 1 x2+1 1 ] _[x24+1 0 (QFHEE
= [ 0 x- 1} * { 0 x-1/7| o 1]
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Fg-linear additive cyclic code over F 3 of length n

@ Assume that C is an Fg-linear additive cyclic code over F s of length n,

@ Such an additive cyclic code can be viewed as a quasi-cyclic code of index 3 and of
length n,

@ The polynomial generator matrix of an additive cyclic code of length n over Fs is of

the form (see Shi, Chu, and Ozbudak, 2025, Theorem 3.2),

p(x) q(x)  m(x)
0 r(x)  n(x)|, (2)
0 0 Ik

where p(x), g(x), r(x), m(x), n(x), I(x) € Fg[x]/(x" — 1) with p(x)|(x" — 1)

r()1(x" — 1), 1{x)|(x" — 1), deg(q(x)) < deg(r(x)), deg(m(x)) < deg(/(x)) and
deg(n(x)) < deg(/(x)).
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Schur Product of Index 3

Algorithm 2 Polynomial Generator Matrix Schur Product of Index 3

Input: p(z), g(x), m(x), r(z), n(z),l(x)
- dy =n — deg(p(x)) — 1
- dy = n — deg(r(z)) — 1
d; = n —deg(l(z)) -1
P () « ged(p(z) * p(a
()  ged(r(z) * 1

Bow N

6: 10 (2) ¢ ged(l(x) *1(x), ()« ()

7 ap(2), ... ,aq,(x) A—ExtendedEuchdeanAlg((p( ) % p(x)), - -, (p(x) % 2% p(x)))
8 q‘l)(ff)Eflr)(f)(’l( ) % q(2)) + -+ + aq, () (q(w)  2%q(x))

9: m ()  ag(x)(m(z) * m(x)) + - - + ag, (v)(m(z) * 2% m(z))

10: bo(x),. .-, by, () +ExtendedEuclideanAlg((r(z) (), .. ., (r(z) » 2% (x)))
110 (@)  by(z)(n(z) xn(x)) + - + by, (z)(n(z) % 2P n(z))

12: if d, > dj then

130 1®(2)  ged(ID (@), n(z) * U(x), zn(z) * I(z),
14: 2 (z) « ged(nW(z), m(z) « n(x), zm(z) * n

() % 1(x))
pom(x) * n(z))

Burcu Ecem Karakas (METU)

3 return p0)(z), ¢ (2), 1 (), m®(2),

5: else if d, < d; then

1)(z)  ged(IM (), n(z) * U(z),n(z) x zl(z), ..., n(z) * 2hl(z))
2@ (z) « ged(n®(z), m(z) *n(x), m(z) * 2n(@), ..., m(x) * 29n(z))

: end if
: if d, > d, then

r®(x)  ged(r®(z), g ahg(z) ()
else if d, < d, then

r®(2) ¢ ged(rM(z),
end if

(s1(2),q®)(x)) + DivisionAlg(q" (x),r?

z) r(z),2q(x) % 7(3), ..,
q(@) * (), q(z) *2r(z), ..., q(@) * 27 ()
()

5. m () < mW(x) — 51 (x)n? ()
: if d, > d) then

1®)(z) + ged(I® ahm(z) «1(x))
else if d, < d; then

18)(x) « ged(I® (), m(x) * l(z), m(z) * 2(x), .

(@), m(x) * l(z), zm(z) * 1(z), ...,

m(x) * 2hl(x))

. end if
: (sala).

3)(x)) « DivisionAlg(n? (x), 1) (x))
(s3(x),m® (z)) + DivisionAlg(m® (x),1®) (x))
3 (), 10)(x)

Schur product of additive cyclic codes
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_ SchurProductinindex3 |
Schur Product of Index 3

Theorem 7
Let C be an Fq-linear additive cyclic code over F 3 of length n with the polynomial generator

matrix,
p(x) q(x) m(x)
0 r(x)  n(x)
0 0 I(x)
Then the Schur product C x C is also additive cyclic with the polynomial generator matrix

PI(x) g (x) mB3)(x)
0 @ (x) n(3)(x)
0 0 18)(x)

where p(1)(x), g (x), rA(x), m®(x), n®(x), I®(x) can be found by using Algorithm 2.

oot
METU

Burcu Ecem Karakas (METU) Schur product of additive cyclic codes WCC 2026 Presentation 16 /23



|
Additive Cyclic Codes of Arbitrary Index

Let Fyr be the extension of the finite field Fy, where r is a positive integer.

Let n|g" —1and A= {i,...,is} CQ,=2Z/nZ.

Let o be a generator of subgroup of the order n of Fgr, say W.

Define the space of polynomials P(A) as

P(A) = {alx’-1 4ot oagx® ai,...,as € qu}

@ and
B(A) := {(f(ao), @Y f(x) € P(A)} CF.

Let m < r be a positive integer and 7 = {~1,...,vm} be a linearly independent
subset of Fyr over Fy.

@ ¢, be a surjective Fy-linear map from Fgr to Fg' such that
¢-(x) .= (Tr(y1x), ..., Tr(ymx)) where Tr is a trace map from Fg- to Fy.
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|
Schur Product of Arbitrary Index

Then,
6:(B(A) = {#-(F(0°),.... F(a" ™)) : F(x) € P(A)} C Fy"
- {(Tr(fylf(ao)), L Te(mf (@), .,

Tr(1af(a" ™), .., Tr(mf(@" ™)) : F(x) € P(A)}, (3)

is an additive cyclic code of length n over Fg' (Giineri, Ozbudak, and Ozdemir, 2017).
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|
Hasse-Weil Theorem for Additive Cyclic Codes

Theorem 8

(Giineri, ézbudak, and ézdemir, 2017, Theorem 1) Consider the additive cyclic code
C = ¢-(B(A)) of length n = q" — 1 over E, where A= {i,...,is}C Z/nZ. Assume that
ged(ij, q) =1 for all j and let i = max {IJ 1< < s}. Then,

(" -1 ~1)[12vq"]
2g™

d€)>q" —q" "~

When n|(¢" — 1),

d(C) > (qr T s 1)L2\/?J) |

g —1 2q™

-1

Wherei:max{q ij (modq’fl):lgjgs}.
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|
Schur Product of Arbitrary Index

We have found that _
¢-(B(A)) x 9-(B(A)) C ¢-(B(A+ A)),
where

At A={iy+q'i,:0<L<r1<jip<s) CA+ACA+
<

P

A={q:0<t<r1<j<s}and A:={q"j:0<l<r-1,1<}
lois closure of A.

Theorem 9

Let ¢ (B(A)) be an additive cyclic code of length n over F7', then the Schur product
&+ (B(A)) x ¢~ (B(A)) is again additive cyclic and it is defined as

#+(B(A)) * - (B(A)) = {d+(h(a®),..., h(a"1)) : h(x) € P(A+ A)}
such that ¢-(B(A)) x ¢-(B(A )) C ¢-(B(A + A)) with

h(x) = 7} F(x)g(x) + 7 (F(x)g(x)? + f(x)7g(x)) + -~ + Wf’r/ (FgC) + ()7 g(x)),

where f(x), g(x) € P(A), and

-1
! , ifrisodd,
r = 2

5 if r is even.

} is the Ga-
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Dimension and Distance of Schur Product

Theorem 10

Let C = ¢-(B(A)) be an Fq-linear additive cyclic code of length n over Fg'. Let E and E be the
largest consecutive sets contained in A and A, respectively. Then
@ dimg,(C) > |E| and dimg, (C *C) > |E| + |E|.

@ d(Ct)>n—amp(Q,\ A)+1 and d((C*C)*) > n—amp(Q, \ (A+ A)) + 1.
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|
Hasse-Weil Bound for Schur Product of Additive Cyclic Codes

Theorem 11

Let n=¢q"—1and A= {i1,...,is} C Qn. Assume that gcd(ij, q) =1 for all j, then
ged(iy +qlin,q) =1, Vji,jp € {1,...,5} and 0 < £ < r'. Let i be the maximum of
A+A={iy+q",:0<e<r, 1< ji,jp < s}, then

dC*C)> g —q—m— "= 1)(;;171)L2\/?J ‘

If n|(g" — 1), then we obtain

d(C«C) >

n

(o - =D —DRELY,

q 2qm

where | = max{qT_l(ij1 +qi)(mod ¢" —1):0< £ < 1< ji,p < s}.
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Thank you for listening.

Any question?
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