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Schur Product

Schur product

Given two vectors u = (u0, . . . , um−1), v = (v0, . . . , vm−1) ∈ Fm
q , we define their

Schur product, denoted by u ⋆ v , as

u ⋆ v = (u0 · v0, . . . , um−1 · vm−1).

If C1 and C2 are two linear codes of the same length over the same field, then their
Schur product is

C1 ⋆ C2 := SpanFq{c1 ⋆ c2 : c1 ∈ C1, c2 ∈ C2}.

If G1 and G2 are generator matrices of C1 and C2 with k1 and k2 rows, respectively,
then

C1 ⋆ C2 = SpanFq{ri ⋆ sj : 1 ≤ i ≤ k1, 1 ≤ j ≤ k2}

so that ri and sj denote the i th and jth rows of G1 and G2, respectively.
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Cyclic Codes

Cyclic Codes

An [m, k]q-linear code C is a cyclic code if c = (c0, c1, . . . , cm−1) ∈ C implies
(cm−1, c0, c1, . . . , cm−2) ∈ C.

Let R := Fq[x ]/⟨xm − 1⟩ and g(x) ∈ R be the generator polynomial of the
[m, k]q-cyclic code C with deg(g(x)) = m − k.

C = ⟨g(x)⟩ and C⊥ = ⟨h∗(x)⟩, where h(x) = xm−1
g(x)

is a parity-check polynomial and

h∗(x) = xkh
(
1
x

)
.

Let m ≥ 1 such that gcd(m, q) = 1 from this point on. Let r be the smallest integer
satisfying qr ≡ 1 mod m and let Fqr be the extension of Fq such that Fqr = Fq(ξ),
where ξ ∈ Fqr is a primitive mth root of unity (i.e., Fqr is the splitting field of xm − 1
over Fq).
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Cyclic Codes

Cyclic Codes as an Evaluation Codes

For w , p ∈ Z+, we now set some notation:

zero set of C: Z(C) =
{
ξj ∈ Fqr : g(ξ

j) = 0
}
=

{
ξj1 , . . . , ξjw

}
,

defining set of C: J = {j1, . . . , jw},

generating set of C: I = Ωm \ J, where Ωm = {0, 1, . . . ,m − 1},

zero set of C⊥: Z(C⊥) =
{
ξi ∈ Fqr : h

∗(ξi ) = 0
}
=

{
ξi1 , . . . , ξip

}
.

Theorem 1

Let C be an [m, k]q-cyclic code over Fq and ξ be the primitive mth root of unity, ξ ∈ Fqr and

gcd(m, q) = 1. Assume that the defining set of C is J = {j1, . . . , jw} and the generating set of C
is I = Ωm \ J = {i1, . . . , it}. Then the defining set of C⊥ is
−I = {−i1, . . . ,−it} = {m − i : i ∈ I}.
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Cyclic Codes

Cyclic Codes as an Evaluation Codes

Theorem 2

(Cascudo, 2018, Lemma 4) Let C be a [m, k]-cyclic code over Fq . Then B(−I )|Fq = C such that

B(−I ) =

(
f (1), f (ξ), . . . , f (ξm−1)

)
: f (x) ∈ Fqr [x], f (x) =

∑
j∈−I

fjx
j


=


∑

j∈−I

fjξ
ij


0≤i≤m−1

: fj ∈ Fqr ,∀j

 .

In the polynomial representation over R, let u(x) =
∑

i∈Ω uix
i and v(x) =

∑
i∈Ω vix

i ,

then u(x) ⋆ v(x) =
∑

i∈Ω uivix
i .

Theorem 3

(Cascudo, 2018, Lemma 6) C ⋆ C is a cyclic code with generator polynomial

g ′(x) = gcd{g ⋆ g , g ⋆ (g · x), g ⋆ (g · x2), . . . , g ⋆ (g · xn−deg(g)−1)}.
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Cyclic Codes

Schur Product of cyclic codes

Theorem 4

(Cascudo, 2018, Theorem 1) Assume that, C1 and C2 are two cyclic codes of length m over Fq

with generating sets I1 and I2, respectively. Let

B(−I1) =


 ∑

j1∈−I1

fj1ξ
ij1


0≤i≤m−1

: fj1 ∈ Fqr ,∀j1

 ,

B(−I2) =


 ∑

j2∈−I2

gj2ξ
ij2


0≤i≤m−1

: gj2 ∈ Fqr ,∀j2

 .

Then we have B(−(I1 + I2))|Fq = C1 ⋆ C2, where I1 + I2 = {i1 + i2 : i1 ∈ I1, i2 ∈ I2}.
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Cyclic Codes

Schur Product of cyclic codes

We now generalize (Cascudo, 2018, Definition 10) as follows.

Given any P ∈ P(Ωm), where P(Ωm) be the power set of Ωm, the amplitude of P
will be denoted by amp(P) and it is defined as

amp(P) := min {|E | : P ⊆ E and E is consecutive} .

amp(P) is the size of the smallest consecutive set in Ωm that contains P.

If amp(I ) = |E | such that I is the generating set of the cyclic code C, for some
consecutive set E ⊆ Ωm, then Ωm \ E is the largest consecutive set contained in its
defining set J.

Theorem 5

(Cascudo, 2018, Theorem 2) Let C = B(−I )|Fq be a cyclic code with generating set I . Then

1 dimFq (C) = |I | and dimFq (C ⋆ C) = |I + I |.
2 d(C) ≥ m − amp(I ) + 1 and d(C ⋆ C) ≥ m − amp(I + I ) + 1.
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Schur Product in Index 2

Fq-linear additive cyclic code over Fq2 of length n

Assume that C is an Fq-linear additive cyclic code over Fq2 of length n,

Such an additive cyclic code can be viewed as a quasi-cyclic code of index 2 and of
length n,

The polynomial generator matrix of an additive cyclic code of length n over Fq2 is of
the form (Shi et al., 2022, Theorem 3.2),[

p(x) q(x)
0 r(x)

]
, (1)

where p(x), q(x), r(x) ∈ Fq[x ]/⟨xn − 1⟩ with p(x)|(xn − 1), r(x)|(xn − 1) and
deg(q(x)) < deg(r(x)).
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Schur Product in Index 2

Schur Product of Index 2

Algorithm 1 Polynomial Generator Matrix Schur Product of Index 2

Input: p(x), q(x), r(x)
1: dp = n − deg(p(x))− 1
2: dr = n − deg(r(x))− 1

3: p(1)(x)← gcd(p(x) ⋆ p(x), p(x) ⋆ xp(x), . . . , p(x) ⋆ xdpp(x))

4: r (1)(x)← gcd(r(x) ⋆ r(x), r(x) ⋆ xr(x), . . . , r(x) ⋆ xdr r(x))
5: a0(x), . . . , adp (x)←ExtendedEuclideanAlg((p(x) ⋆ p(x)), . . . , (p(x) ⋆ xdpp(x)))

6: q(1)(x)← a0(x)(q(x) ⋆ q(x)) + · · ·+ adp (x)(q(x) ⋆ xdpq(x))
7: if dp ≥ dr then

8: r (2)(x)← gcd(r (1)(x), q(x) ⋆ r(x), xq(x) ⋆ r(x), . . . , xdpq(x) ⋆ r(x))
9: else if dp < dr then

10: r (2)(x)← gcd(r (1)(x), q(x) ⋆ r(x), q(x) ⋆ xr(x), . . . , q(x) ⋆ xdr r(x))
11: end if
12: (s0(x), q(2)(x))← DivisionAlg(q(1)(x), r (2)(x))

13: return p(1)(x), q(2)(x), r (2)(x)
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Schur Product in Index 2

Schur Product of Index 2

Theorem 6

Let C be an Fq-linear additive cyclic code over Fq2 of length n with the polynomial generator
matrix, [

p(x) q(x)
0 r(x)

]
.

Then the Schur product C ⋆ C is also additive cyclic with the polynomial generator matrix[
p(1)(x) q(2)(x)

0 r (2)(x)

]
,

where p(1)(x), q(2)(x), r (2)(x) can be found by using Algorithm 1.
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Schur Product in Index 2

Example

Let the generator matrix of C be

[
p(x) q(x)
0 r(x)

]
=

[
x2 + 1 1

0 x − 1

]
.

dp = n − deg(p)− 1 = 4− 2− 1 = 1

dr = n − deg(r)− 1 = 4− 1− 1 = 2
p(x) q(x)

xdpp(x) = xp(x) xq(x)
0 r(x)
0 xr(x)
0 xdr r(x) = x2r(x)

 =


x2 + 1 1

x(x2 + 1) x(1)
0 (x − 1)
0 x(x − 1)
0 x2(x − 1)

 =


x2 + 1 1
x3 + x x

0 x − 1
0 x2 − x
0 x3 − x2

 ,

We get

p(1)(x) = gcd(p(x) ⋆ p(x), p(x) ⋆ xp(x)) = gcd(x2 + 1, 0)

= x2 + 1

= 1(x2 + 1) + 0(0).

Since p and q are in the same row,

q(1)(x) = 1(q(x) ⋆ q(x)) + 0(q(x) ⋆ xq(x))

= 1(1) + 0(0)

= 1.
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Schur Product in Index 2

Example

Then,

r (1)(x) = gcd(r(x) ⋆ r(x), r(x) ⋆ xr(x), r(x) ⋆ x2r(x))

= gcd(x + 1,−x , 0)
= 1.

Since dp = 1 < dr = 2,

r (2)(x) = gcd(r (1)(x), q(x) ⋆ r(x), q(x) ⋆ xr(x), q(x) ⋆ x2r(x)),

= gcd(1,−1, 0, 0)
= 1.

Next,

q(2)(x) = q(1)(x)− s0(x)r
(2)(x)

= 1− s0(x)(1)

= 1− 1(1)

= 0,

such that deg(q(2)(x)) < deg(r (2)(x)). Therefore[
p(x) q(x)
0 r(x)

]
⋆

[
p(x) q(x)
0 r(x)

]
=

[
p(1)(x) q(2)(x)

0 r (2)(x)

]
⇒

[
x2 + 1 1

0 x − 1

]
⋆

[
x2 + 1 1

0 x − 1

]
=

[
x2 + 1 0

0 1

]
.
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Schur Product in Index 3

Fq-linear additive cyclic code over Fq3 of length n

Assume that C is an Fq-linear additive cyclic code over Fq3 of length n,

Such an additive cyclic code can be viewed as a quasi-cyclic code of index 3 and of
length n,

The polynomial generator matrix of an additive cyclic code of length n over Fq3 is of

the form (see Shi, Chu, and Özbudak, 2025, Theorem 3.2),p(x) q(x) m(x)
0 r(x) n(x)
0 0 l(x)

 , (2)

where p(x), q(x), r(x),m(x), n(x), l(x) ∈ Fq[x ]/⟨xn − 1⟩ with p(x)|(xn − 1),
r(x)|(xn − 1), l(x)|(xn − 1), deg(q(x)) < deg(r(x)), deg(m(x)) < deg(l(x)) and
deg(n(x)) < deg(l(x)).
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Schur Product in Index 3

Schur Product of Index 3
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Schur Product in Index 3

Schur Product of Index 3

Theorem 7

Let C be an Fq-linear additive cyclic code over Fq3 of length n with the polynomial generator
matrix, p(x) q(x) m(x)

0 r(x) n(x)
0 0 l(x)

 .

Then the Schur product C ⋆ C is also additive cyclic with the polynomial generator matrixp(1)(x) q(2)(x) m(3)(x)
0 r (2)(x) n(3)(x)
0 0 l (3)(x)

 ,

where p(1)(x), q(2)(x), r (2)(x),m(3)(x), n(3)(x), l (3)(x) can be found by using Algorithm 2.
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Schur Product in Arbitrary Index

Additive Cyclic Codes of Arbitrary Index

Let Fqr be the extension of the finite field Fq, where r is a positive integer.

Let n|qr − 1 and A = {i1, . . . , is} ⊆ Ωn = Z/nZ.

Let α be a generator of subgroup of the order n of Fqr , say W .

Define the space of polynomials P(A) as

P(A) :=
{
a1x

i1 + · · ·+ asx
is : a1, . . . , as ∈ Fqr

}
and

B(A) :=
{
(f (α0), . . . , f (αn−1)) : f (x) ∈ P(A)

}
⊂ Fn

qr .

Let m ≤ r be a positive integer and τ = {γ1, . . . , γm} be a linearly independent
subset of Fqr over Fq.

ϕτ be a surjective Fq-linear map from Fqr to Fm
q such that

ϕτ (x) := (Tr(γ1x), . . . ,Tr(γmx)) where Tr is a trace map from Fqr to Fq.
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Schur Product in Arbitrary Index

Schur Product of Arbitrary Index

Then,

ϕτ (B(A)) =
{
ϕτ (f (α

0), . . . , f (αn−1)) : f (x) ∈ P(A)
}
⊂ Fmn

q

=
{(

Tr(γ1f (α
0)), . . . ,Tr(γmf (α

0)), . . . ,

Tr(γ1f (α
n−1)), . . . ,Tr(γmf (α

n−1))
)
: f (x) ∈ P(A)

}
, (3)

is an additive cyclic code of length n over Fm
q (Güneri, Özbudak, and Özdemir, 2017).
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Schur Product in Arbitrary Index

Hasse-Weil Theorem for Additive Cyclic Codes

Theorem 8

(Güneri, Özbudak, and Özdemir, 2017, Theorem 1) Consider the additive cyclic code
C = ϕτ (B(A)) of length n = qr − 1 over E, where A = {i1, . . . , is}⊆ Z/nZ. Assume that
gcd(ij , q) = 1 for all j and let i = max

{
ij : 1 ≤ j ≤ s

}
. Then,

d(C) ≥ qr − qr−m −
(qm − 1)(i − 1)⌊2

√
qr ⌋

2qm
.

When n|(qr − 1),

d(C) ≥ n

qr − 1

(
qr − qr−m − (qm − 1)(i − 1)⌊2

√
qr⌋

2qm

)
,

where i = max

{
qr − 1

n
ij (mod qr − 1) : 1 ≤ j ≤ s

}
.
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Schur Product in Arbitrary Index

Schur Product of Arbitrary Index

We have found that
ϕτ (B(A)) ⋆ ϕτ (B(A)) ⊆ ϕτ (B(A+ Ā)),

where
A+ Ā =

{
ij1 + qℓij2 : 0 ≤ ℓ ≤ r ′, 1 ≤ j1, j2 ≤ s

}
⊆ Ā+ Ā ⊆ Ã+ Ã,

Ā :=
{
qℓij : 0 ≤ ℓ ≤ r ′, 1 ≤ j ≤ s

}
and Ã :=

{
qℓij : 0 ≤ ℓ ≤ r − 1, 1 ≤ j ≤ s

}
is the Ga-

lois closure of A.

Theorem 9

Let ϕτ (B(A)) be an additive cyclic code of length n over Fm
q , then the Schur product

ϕτ (B(A)) ⋆ ϕτ (B(A)) is again additive cyclic and it is defined as

ϕτ (B(A)) ⋆ ϕτ (B(A)) =
{
ϕτ (h(α

0), . . . , h(αn−1)) : h(x) ∈ P(A+ Ā)
}

such that ϕτ (B(A)) ⋆ ϕτ (B(A)) ⊂ ϕτ (B(A+ Ā)) with

h(x) = γ1
i f (x)g(x) + γq

i (f (x)g(x)
q + f (x)qg(x)) + · · ·+ γqr

′

i (f (x)g(x)q
r′
+ f (x)q

r′
g(x)),

where f (x), g(x) ∈ P(A), and

r ′ =


r − 1

2
, if r is odd,

r

2
, if r is even.

Burcu Ecem Karakaş (METU) Schur product of additive cyclic codes WCC 2026 Presentation 20 / 23



Dimension and Distance of Schur Product

Dimension and Distance of Schur Product

Theorem 10

Let C = ϕτ (B(A)) be an Fq-linear additive cyclic code of length n over Fm
q . Let E and Ē be the

largest consecutive sets contained in A and Ā, respectively. Then

1 dimFq (C) ≥ |E | and dimFq (C ⋆ C) ≥ |E |+ |Ē |.

2 d(C⊥) ≥ n − amp(Ωn \ A) + 1 and d((C ⋆ C)⊥) ≥ n − amp(Ωn \ (A+ Ā)) + 1.
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Dimension and Distance of Schur Product

Hasse-Weil Bound for Schur Product of Additive Cyclic Codes

Theorem 11

Let n = qr − 1 and A = {i1, . . . , is} ⊆ Ωn. Assume that gcd(ij , q) = 1 for all j , then

gcd(ij1 + qℓij2 , q) = 1, ∀j1, j2 ∈ {1, . . . , s} and 0 ≤ ℓ ≤ r ′. Let i be the maximum of

A+ Ā =
{
ij1 + qℓij2 : 0 ≤ ℓ ≤ r ′, 1 ≤ j1, j2 ≤ s} , then

d(C ⋆ C) ≥ qr − qr−m −
(qm − 1)(i − 1)⌊2

√
qr ⌋

2qm
.

If n|(qr − 1), then we obtain

d(C ⋆ C) ≥ n

qr − 1

(
qr − qr−m − (qm − 1)(i − 1)⌊2

√
qr⌋

2qm

)
,

where i = max

{
qr − 1

n
(ij1 + qℓij2)(mod qr − 1) : 0 ≤ ℓ ≤ r ′, 1 ≤ j1, j2 ≤ s

}
.
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Thank you for listening.

Any question?
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