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Block codes

Hamming metric block codes
C<F?
wiy((er, ... ) := [{i| & # 0}
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Hamming metric block codes Rank metric block codes
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Block codes

Hamming metric block codes Rank metric block codes
C<Fr C < Fxm
wiy((cr, ..., en)) = |{i| ¢ # 0} C) := rank(C)

wig(
n=m; :\ /:‘ 1

Sum Rank metric block codes
C< Iﬁ‘g‘xm‘ X -ee X ]Fgfxmf
wisr((Cy, ..., Ct)) := rank(Cy) + - - - + rank(C;)
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Convolutional codes

Hamming metric convolutional codes
submodule C C Fy[z]"

wiy( > ') == > wiy(c)

ieNo iGNo
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Convolutional codes

Hamming metric convolutional codes
submodule C C Fy[z]"

wiy( > ') == > wiy(c)

iENU iGNO

(Sum) rank metric convolutional codes
submodule C C Fo[2]"*™

wir( Y. CiZ') = 3 rank(C)

i€Np i€Np
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Convolutional codes

Hamming metric convolutional codes
submodule C C Fy[z]"

wiy( > ') == > wiy(c)
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(Sum) rank metric convolutional codes
submodule C C Fo[2]"*™

wir( Y. CiZ') = 3 rank(C)

i€Np i€Np

Generalized sum rank metric convolutional codes
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Generalized sum rank metric

Lett,mj,n; € No,j=1,...,t. For
= (Ao A2 € R=To[2]™™ x -+ x Folz]™™
IGND

the generalized sum rank weight is given by

Wts,q Z Z rank ,7

I 1 IENO

For B(z) = > (Bi,,...,Bt;)Z' € Rthe generalized sum rank distance
i€Np
between A(z) and B(z) is defined as

dsr(A(2), B(2)) := wisa(A(z) — B(z )—ZZrank i — B.).

j=1 ieNg
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Generalized sum rank metric convolutional code

A generalized sum rank metric convolutional code C is the image of a
homomorphism

(723 Fq[z]k i) Fq[z]n1m1+.l.+nrmz l> Fq[z]mxm N Fq[z]n,xm,
m(z) — c(z) = m(z)G(z) — ¢(2)
where G(Z) € IF‘q[z]kx('h - A-nmy) is a polynomial matrix of full rank, called a

generator matrix of C.
The generalized sum rank distance of C is

d = i dsp(A B = i C .
sr(C) A(Z)fg('?)ea sa(A(2), B(2)) C(Z)”e]g{{o} wisa(C(2))
A(2)#8(2)
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Generalized sum rank metric convolutional code

The degree 0 of a convolutional code C is defined as the maximal degree of the
k X k minors of a generator matrix G(z).

The i-th row degree v; of G(z) is the largest degree of any entry in row i of G(z). If
the sum of all row degrees is equal to & we call G(z) a minimal generator matrix.
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Generalized sum rank metric convolutional code

The degree 0 of a convolutional code C is defined as the maximal degree of the
k X k minors of a generator matrix G(z).

The i-th row degree v; of G(z) is the largest degree of any entry in row i of G(z). If
the sum of all row degrees is equal to § we call G(z) a minimal generator matrix.

A generalized sum rank-metric convolutional code
C CFy[z]™*™ x -+ x Fy[z]™™ with degree ¢ and dimension k is denoted as a
((ny X mq,...,ne X m),k,d) convolutional code.
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Example
Consider an ((1 X 2,2 x 2),2,2) convolutional code over F, with
B 1 z ; 1 z z 1+z
G(Z)_(z 142z 1 1 1+z)'

For a message m(z) = (1 0) we get

c(z):m(z)G(z):(1 z 1z z 1+z)

which has weight 6.
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Singleton bound for generalized sum rank
metric convolutional codes

Theorem (Abreu, -, Lieb, Pinto, 2026)

LetC be an ((ny X my,...,n X my),k, ) generalized sum rank metric
convolutional code. Let v € {1, ...t} be the maximum value such that

o
; +1 k—5—12n1m1—|—---+na_1ma_1

andn=ny + --- -+ n;. Then,

6 oa—1
Sl+1)k—0—1—> " " nmm
den(C H+Z"’ { 2l +1) 2 mm

Mg,
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Singleton bounds for convolutional codes

Hamming metric 9 Rank metric

H(€) < (k) (8] + 1) +o1 @ <n(lg] +0)-[UEs

-—m,—1
2] +1)k \ /)4—1

Generalized sum rank metric

dsa(C) < n 2] + Z n— { L& J+1)k—an;1—zf;;1 ”"’""J

"Rosenthal, Smarandache, 1999
2Napp, Pinto, Rosenthal, Vettori, 2017
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Construction of MSRD convolutional codes

If a generalized sum rank metric convolutional code attains the Singleton-like bound
we call it Maximum Sum Rank Distance (MSRD) convolutional code.
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Construction of MSRD convolutional codes

If a generalized sum rank metric convolutional code attains the Singleton-like bound
we call it Maximum Sum Rank Distance (MSRD) convolutional code.

Theorem (Abreu, -, Lieb, Pinto, 2026)

Forj=1,...,t, letG(z) € Fy[z]**"™ be minimal generator matrices of
((n; x my), k, &) rank metric convolutional codes C; that attain the Singleton-like
bound with dg(C;) = n;(| 2] -+ 1) and the same order of row degrees.

Let C be the generalized sum rank metric convolutional code generated by

G(z) = (G'(2) G*(2) -+ G'(2)).

Ifa =1, thenCisan ((ny X my,..., n; X my), k,d) MSRD code.
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Column sum rank distance

A convolutional code C is called non-catastrophic if rank(G(\)) = k for all

A€ ﬁq, where Fq denotes the algebraic closure of IF ;.

For j € Ny, the j-th column sum rank distance of a non-catastrophic

((ny x mq,...,ne X m), k, ) generalized sum rank metric convolutional code is

a7 (C) := min{wtsp(C(2)|j0,1) | C(2) € Cand (Cip, ..., Cio) # O}
where '
j
(2o =D _(Cuis .-, Crj)Z
i—0

for

c(z) =Y (Crir---sCri)7

i€Ny
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Bounds for the column sum rank distance

Theorem (Abreu, -, Lieb, Pinto, 2026)

Let C be an non-catastrophic ((ny X my, ..., n X my), k,d) generalized sum rank
metric convolutional code. Let 31, 32 € {1, ..., t} be the maximal values such that
B1—1 Ba—1

k—1—Zn,-m,20 and k—Zn,m,-ZO.

=i =i

t Bi—1 t Bo—1
k—1—=>70 mm ) > n;m;
a¥(C) < ' n — \‘ J +J Zni \‘mﬂJ

2
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Bounds for the column distances

j-th column distance 3 j-th column rank distance 4

d®(C) < (n—K)(j+1)+1 g (C) <j(n—|£]) +n— 2]

=m = t=
ﬂ1—k752—kk % B =1

j-th column sum rank distance

! 1= , ! St
GERTE B T EREC )

i=PB4 =52

8Gluesing-Luerssen, Rosenthal, Smarandache, 2006
4Napp, Pinto, Rosenthal, Santana, 2017
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Construction of rank metric convolutional codes

A convolutional code with a minimal generator matrix G(z) = » ") Giz' where

G, # 0 has memory /1.

If the bound for the j-th column sum rank distance is achieved for j = p, then we call
the code Memory Maximum Sum Rank (m-MSR).
If this bound is achieved for

3] + | S 4 )+

m

L=

we call the code Maximal Rank Profile (MRP).
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Construction of rank metric convolutional codes

Assume L%J = L%J Let D C ng’” be an rank metric block code with rank

distance dr(D) = n — | £ | and dimension dim(D) = m(| £ | + 1). We can
choose a basis {A, . .. A HJJH)} of D and set
Y7 (A1)

G,': — 1.

P (Akt2) m(l£] + 1

_’ for i=0,...,j < M
: k

¢_1 (A(i+1)k)

LetC C FZX’" be the k-dimensional rank metric convolutional code with § = kj and

generator matrix G(z) = Y. G;Z'.
IENO
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Construction of rank metric convolutional codes
Example:

Let n = m = 2 and k = 1. Consider the rank metric block code with basis

o 0):C o)}

over [, which has minimum distance dg(D) = 2 = n — | £ | and dimension
dim(D) =2 =m(| %] +1).
Then

)
I
—~
—
o
o
—_
~—

and therefore

Gz) =G+ Gz=(1+z z z 1).
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Construction of rank metric convolutional codes

Theorem (Abreu, -, Lieb, Pinto, 2026)

The k-dimensional rank metric convolutional code C C ngm with 0 = kj and

generator matrix G(z) = Y G;z' is an m-MSR and an MRP code.
i€Np
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Construction of rank metric convolutional codes

Theorem (Abreu, -, Lieb, Pinto, 2026)

The k-dimensional rank metric convolutional code C C FZX’" with 0 = kj and

generator matrix G(z) = Y G;z' is an m-MSR and an MRP code.
i€Np

Thank you for your attention
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