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Abstract

The matrix completion problem provides a unifying lens through
which many fundamental problems in coding theory can be viewed.
In this paper, we investigate Locally Recoverable Codes (LRCs) with
Maximal Recoverability (MR) and Maximum Distance Profile (MDP)
convolutional codes in the framework of matrix completion. In par-
ticular, we present techniques that are general enough to provide con-
structions for both types of codes. A common feature of our code
constructions is the sparsity of their generator matrices and the prop-
erty that a large number of the entries of the generator matrices are
elements of a small subfield of a larger extension field.

Key Words : Matrix Completion, Convolutional codes, Maximally recov-
erable codes.

1 Introduction

Thematrix completion problem provides a powerful and unifying perspective
for understanding a broad class of fundamental problems in coding theory
and related areas. In particular, many code design problems, including the
construction of convolutional codes, distributed storage codes, and codes for
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wireless communication, can be naturally formulated as variants of the ma-
trix completion problem. In its most general formulation, the problem con-
siders a partially specified matrix subject to structural constraints, such as
column dependencies, and block-structure requirements, together with un-
constrained (free) entries. These constraints can be captured algebraically
by specifying a set of polynomial equations over the matrix entries and fixing
selected entries to given values. The goal of the matrix completion problem
is to assign values to the free entries to satisfy specified algebraic objec-
tives, such as ensuring the non-vanishing of specified full-size minors, while
minimizing the required finite field size. The overarching challenge is to de-
velop principled matrix completion frameworks that apply uniformly across
a wide range of constraint patterns. One class of matrix completion prob-
lems concerns the construction of a generator matrix of an MDS code that
has a prescribed zero pattern (support constraint). The related GM-MDS
conjecture, introduced in [DSY14] was resolved in full in [Lov21, YH19].

Also the design ofMaximum Distance Profile (MDP) convolutional codes
(commonly referred to as MDP codes) can be viewed as a variation of the
matrix completion problem [DLM+25]. Convolutional codes are important
for low-delay encoding and decoding of a stream of data. MDP codes are a
class of convolutional codes that allows for best possible error-correction in
this setting [TRS12]. The sliding generator matrix of a convolutional code
takes a specific form in which multiple copies of blocks are arranged in a
repeating sliding pattern and some entries are fixed to zero. While this struc-
tural constraint does not allow every full-size minor to be non-zero, sliding
generator matrices of MDP codes have the property that each full size minor
that can be nonzero, given the prescribed structural requirement, is nonzero,
[GLRS06]. There exist several constructions for MDP codes, however mostly
requiring large finite fields; see e.g., [ANNR24, Che23, LCEL23, ANP13].

Another problem that can be viewed through the lens of Matrix Comple-
tion is the design of Locally Recoverable Codes (LRCs) that are Maximally
Recoverable (MR). The local recoverability property implies the existence
of a collection of repair groups such that each group enables local recovery
of its symbols; that is, symbol(s) in a repair group can be recovered using
only the symbols within that group. MR-LRCs provide recoverability from
the largest possible set of erasure patterns (see [BHH13, GHJY14, GG22,
CMST22, MP22] and references therein) among linear block codes fulfilling
certain locality constraints. In this paper, we focus on a class of MR LRCs
with unequal locality, i.e., codes in which the subcodes that correspond to
different repair groups might have different sizes and dimensions, in addition
to a set of global parity symbols which are not included in the repair groups.

We present a matrix-completion technique that is broad enough to en-
compass the construction of both code families. A unifying aspect of these
constructions is a sparse generator matrix with elegant structural properties
including that certain submatrices of the generator matrix are constructed
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using a small subfield of a larger extension field. Such a structure facilitates
efficient encoding and decoding procedures. In Section 2, we provide prelim-
inaries on matrix completion, MR-LRCs and MDP codes. In Section 3, we
present a construction for MR-LRCs with unequal localities for certain pa-
rameters. In Section 4, we present constructions for MDP codes with certain
parameters. In Section 5, we explain commonalities of these constructions
and mention some related matrix completion problems to be considered for
future research.

2 Preliminaries

We begin with a general matrix completion problem and then consider spe-
cific instances, i.e., the construction of certain MR-LRCs and MDP codes.

Definition 1. Let M be a K×N matrix whose entries mi,j for i = 1, . . . ,K,
j = 1, . . . , N are considered as variables. Define Fq[M ] := Fq[m1,1, . . . ,mK,N ]
and consider a set of polynomials fℓ(M) ∈ Fq[M ] for ℓ = 1, . . . , s. We
say that a solution to the matrix completion problem corresponding to
f1, . . . , fs is a set of values for mi,j ∈ Fq satisfying the following conditions:

1. fℓ(M) = 0 for ℓ = 1, . . . , s (these equations are called constraints of
the matrix completion problem);

2. all non-trivial full-size minors, i.e., the K ×K minors of M that
are not nilpotent in the ring Fq[M ]/ ⟨f1(M), . . . , fs(M)⟩, are non-zero
at the values chosen for mi,j (f is nilpotent if there exists a positive
integer n such that fn = 0).

2.1 Maximally Recoverable Locally Recoverable Codes with
Unequal Locality (MR-LRCs with UL)

In this paper, we focus on Locally Recoverable Codes with Unequal Locality
(LRCs with UL) [KS16, ZY16], defined as follows.

Definition 2. Let C be a non-degenerate linear block code of length L. We
say that a codeword symbol cj for j ∈ {1, . . . , L} has locality kj if there
exists a repair group Rj ⊂ {1, . . . , L} such that j ∈ Rj and C|Rj forms a
[|Rj |, kj , δj ]-code; if δj > 1 for all j, then we call it a Locally Recoverable
Code with Unequal Locality.

There exists a modified Singleton bound on the minimum distance of
LRCs with UL [KS16, ZY16]. We extend LRCs with UL to MR-LRCs
with UL by requiring maximum recoverability, i.e., all erasure patterns that
can be recovered under the given locality constraints should be recovered.
This property is considerably stronger than reaching the modified Singleton
bound and captures the code’s full erasure-correction potential.
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Definition 3. For ℓ, h, ni, ki ∈ N with ni ≥ ki for i = 0, . . . , ℓ − 1, let
C ⊆ FN

q be an Fq-linear code of length N = n0+ · · ·+nℓ−1+h and dimension

K = k0+· · ·+kℓ−1. Set Gi := {1+
∑i−1

t=0 nt, . . . ,
∑i

t=0 nt} for i = 0, . . . , ℓ−1.
Note that these sets form a partition of {1, . . . , N − h} and |Gi| = ni. We
say that C is MR-LRC with UL if

1. dim(C|Gi
) ≤ ki, i.e., each codeword symbol indexed by Gi has locality

ki;

2. for each admissible puncturing S, i.e., for each puncturing where
exactly ni − ki coordinates in Gi are deleted, the punctured code C|S is
an [h+K,K]-MDS code.

The sets Gi are called local repair groups and the last h coordinates of a
codeword are called the global parities.

Remark 1. Note that Definition 3 implies that C|Gi is an [ni, ki]-MDS code
for i = 0, . . . , ℓ − 1. Also note that in contrast to the MR-LRCs considered
in the literature before (see e.g. [GG22]), by considering MR-LRCs with UL
we allow the local repair groups to have different sizes ni and localities ki
(while the h global parities have locality K) but require that k0 + · · ·+ kℓ−1

equals the dimension K of the full code. MR-LRCs are also known as partial
MDS codes [BHH13]. In [HTN20], partial MDS codes with different sizes ni

are considered but still it is required that all localities ki are equal.

Remark 2. The problem of constructing MR-LRCs with UL can be seen as
matrix completion problem where Condition 1 of Definition 3 provides the
constraints and Condition 2 describes the non-trivial full-size minors of a
generator matrix M of C. More precisely, if Mi is the K×ni submatrix of M
given by the columns indexed by Gi, Condition 1 of Definition 3 is equivalent
to the constraints fi,S,T (M) = 0 for all S ⊂ {1, . . . ,K}, T ⊂ {1, . . . , ni} with
|S| = |T | = ki + 1, for i = 0, . . . , ℓ− 1, where fi,S,T (M) is the minor of Mi

corresponding to the rows and columns indexed by S and T respectively.

2.2 Convolutional Codes

Definition 4. For k ≤ n, an (n, k) convolutional code C is defined as
Fq[z]-submodule of Fq[z]

n of rank k. A polynomial matrix G(z) ∈ Fq[z]
k×n

of full (row) rank such that C = {v(z) = u(z)G(z) ∈ Fq[z]
n | u(z) ∈ Fq[z]

k}
is called generator matrix of C. The maximum (polynomial) degree of the
full-size minors of a generator matrix is called the degree δ of C. An (n, k)
convolutional code of degree δ is denoted as (n, k, δ) convolutional code.

In contrast to linear block codes not all convolutional codes admit a
representation via a parity-check but only those with a generator matrix
G(z) ∈ Fq[z]

k×n that is left-prime, i.e., G(z) is full rank for all z ∈ Fq, where

4



Fq denotes the algebraic closure of Fq; see [Yor97]. Such convolutional codes
are called non-catastrophic.

The structure of convolutional codes makes them very suitable for low-
delay applications and the crucial distance measure for such applications are
the column distances.

Definition 5. For j ∈ N0, the j-th column distance of a convolutional

code C is dcj(C) := min
{∑j

t=0wt(vt) | v(z) =
∑

i∈N0
viz

i ∈ C with v0 ̸= 0
}
.

For the j-th column distance, one has the following upper bound.

Theorem 1. [GLRS06] Let C be an (n, k, δ) convolutional code. Then, for
j ∈ N0, d

c
j(C) ≤ (n−k)(j+1)+1. If dcj = (n−k)(j+1)+1 for some j ∈ N0,

then dci = (n− k)(i+1)+ 1, for i ≤ j. Moreover, dcj(C) = (n− k)(j+1)+ 1

implies j ≤ L :=
⌊
δ
k

⌋
+
⌊

δ
n−k

⌋
.

Definition 6. An (n, k, δ) convolutional code C is called maximum dis-
tance profile (MDP) if dcL(C) = (n− k)(L+ 1) + 1.

Let G(z) =
∑µ

i=0Giz
i with Gµ ̸= 0, where µ := deg(G(z)) is called

memory of G(z). A convolutional code that possesses a generator matrix
G(z) with µ = 1 is called unit-memory if rk(G1) = k and partial unit-
memory if rk(G1) < k. The sliding generator matrix is defined as

Gc
j :=

G0 · · · Gj

. . .
...

0 G0

 ∈ F(j+1)k×(j+1)n
q for j ∈ N0,

with Gi = 0 for i > µ. Next, we present a criterion to check whether a
convolutional code is MDP.

Theorem 2. [GLRS06] Let C be a convolutional code with generator matrix
G(z) =

∑µ
i=0Giz

i ∈ Fq[z]
k×n and 0 ≤ j ≤ L. The following statements are

equivalent:

(a) dcj(C) = (n− k)(j + 1) + 1.

(b) All non-trivial full-size minors of Gc
j ∈ F(j+1)k×(j+1)n

q are nonzero,
i.e., all minors formed by columns with indices 1 ≤ t1 < · · · < t(j+1)k,
where tsk+1 > sn, for s = 1, 2, . . . , j.

Note that the condition of the previous theorem implies that G0 has to
be an MDS matrix. In this paper, we only consider partial unit-memory
convolutional codes with k > n − k = δ, i.e., L = 1; note that this class of
codes is also considered in [LCEL23, Che23].

Remark 3. The construction of MDP codes can be stated as a matrix com-
pletion problem for M = Gc

L. For L = 1, the constraints are given by
mi,j = 0 for (i, j) ∈ {k + 1, . . . , n} × {1, . . . , n} and mi,j −mi+k,j+n = 0 for
(i, j) ∈ {1, . . . , k} × {1, . . . , n}.
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3 Construction of MR-LRCs with UL

In the following, we present a construction for MR-LRCs with UL with very
sparse generator matrices. To this end, for some finite field F, we consider
a generator matrix of the form:

G :=


G0 0 0 . . . 0 P0

0 G1 0 . . . 0 P1

...
...

...
. . .

...
...

0 0 0 . . . Gℓ−1 Pℓ−1

 (1)

with Gi ∈ Fki×ni and Pi ∈ Fki×h for i = 0, . . . , ℓ− 1. Moreover, if a message
m ∈ FK is partitioned as m = (m0, . . . ,mℓ−1) with information blocks
mi ∈ Fki for i = 0, . . . , ℓ− 1, then MR-LRCs with UL of this form have the
property thatmi can be recovered frommiGi if not more than ni−ki erasures
happened in the coordinates with indices in Gi. This property generalizes
the notion of information symbol locality (see e.g. [PKLK12]) to what we
call information block locality. In this way we further specify the matrix
completion problem given in Remark 2 via considering generator matrices
of the form (1) where we additionally fix Gi to be Cauchy matrices. In this
setup, solving the corresponding matrix completion problem asks, given the
structure of G and Cauchy matrices Gi, to find Pi such that all non-trivial
full-size minors of G are nonzero.

Theorem 3. Let h ≤ min{ki, 0 ≤ i ≤ ℓ − 1} and let Gi ∈ Fki×ni
q , for

i = 0, . . . , ℓ− 1, be Cauchy matrices and

Pi :=

[
Diag(α0, αi, α2i, . . . , α(h−1)i)

0(ki−h)×h

]
(2)

for some primitive element α ∈ Fqd. If h = 1 and d ≥ 1, or if h > 1 and

d ≥ (ℓ− 1) ·
⌊
h

2

⌋
·
⌈
h

2

⌉
+ 1 =: D,

then the corresponding code is MR-LRC with UL over Fqd.

Proof. We provide an outline of the proof, for more details see [DLSS26].
Recall that we need to show that if we puncture the i-th local repair group
Gi in ni − ki positions, then the punctured code is MDS. Therefore, we can
assume that Gi’s are square Cauchy matrices and need to show that the
corresponding code is MDS. All fullsize minors of G are polynomials over Fq

in α and we will show that all non-trivial full-size minors are nonzero poly-
nomials whose difference between the degrees of the maximal and minimal
nonzero term is at most D − 1.

6



Consider first the case that there are no erasures in the last h columns
of G, i.e., no erasures in the global parity symbols.

For i = 0, . . . , ℓ− 1, denote by xi the number of erasures in the columns
corresponding to Gi (after the puncturing that causes that the Gi are square
matrices), i.e., x0 + · · · + xℓ−1 = h. When calculating the corresponding
minor, each nonzero term in the determinant corresponds to choosing xi
entries in Pi, for all i = 0, . . . , ℓ − 1, where all the choices (over all Pi) are
from distinct columns (out of the last h columns) of G. Let wi,j be the jth

choice for Pi and let Tx⃗ be set of all such choices. Then, the minor has the
form

∑
w∈Tx⃗

Mw

ℓ−1∏
i=0

αiwi,0 · αiwi,1 · · · · · αiwi,xi−1 =
∑
w∈Tx⃗

Mwα
∑ℓ−1

i=0 i
∑

j∈[xi]
wi,j (3)

where Mw is a product of minors of Cauchy matrices and hence, nonzero.
We obtain the minimal exponent in α when choosing wℓ−1,j = j, wℓ−2,j =
xℓ−1 + j, . . . , w0,j = x1 + x2 + · · ·+ xℓ−1 + j. On the other hand, we obtain
the maximal exponent in α for w0,j = j, w1,j = x0+j, . . . , wℓ−1,j = x0+x1+
· · ·+xℓ−2+ j. Therefore, the difference between the degrees of the maximal
and minimal nonzero term is equal to

ℓ−1∑
i=0

i
∑
j∈[xi]

wmax
i,j − wmin

i,j =
∑

0≤i<j≤ℓ−1

(j − i)xixj =: Qh(x0, . . . , xℓ−1)

Hence, we have to maximize the quadratic form Qh(x0, . . . , xℓ−1) subject to
the constraints x0+· · ·+xℓ−1 = h and x0, . . . , xℓ−1 ∈ N0. One can show that
Qh attains this maximum for x0 =

⌊
h
2

⌋
, x1 = · · · = xℓ−2 = 0, xℓ−1 =

⌈
h
2

⌉
and this maximum is equal to D = (ℓ− 1) ·

⌊
h
2

⌋
·
⌈
h
2

⌉
.

It is easy to see that the difference between maximal and minimal degree
in α of the nonzero terms of any non-trivial full-size minor of G is smaller
than D − 1 if we have erasures in the last h columns of G.

Our construction has the advantage of a very sparse generator matrix
leading to low encoding complexity and good update efficiency as explained
in the following. To analyze the encoding complexity for the codes of the pre-
vious theorem, we follow the standard convention to only count the number
of multiplications, but in our case, the number of additions is comparable.
To calculate mG for m ∈ FK

qd
and G as in (1), for each i = 0, . . . , ℓ − 1,

we need to multiply a vector from Fki
qd

with an ki × ni Cauchy matrix with

entries in Fq, which requires O
(∑ℓ−1

i=0 ni log
2 ni

)
multiplications in Fqd (see

[GGS87]), and additionally we need to multiply k0 + · · ·+ kℓ−1 elements of
the form αt for some t ∈ N0 with an element of Fqd . Hence, we get the
following result:
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Theorem 4. The encoding complexity for our construction given in Theo-

rem 3 is O
(∑ℓ−1

i=0 ni log
2 ni

)
.

Moreover, if some message symbol needs to be updated, i.e., its value to
be changed, then not all of the codeword symbols need to be recomputed;
one only has to update the corresponding local group and exactly one global
parity symbol, since the diagonal structure of the matrices P0, . . . , Pℓ−1 im-
plies that each message symbol is only involved in the calculation of one
global parity symbol.

4 Construction of partial unit-memory MDP codes

Lemma 5. Let G(z) = G0 +G1z ∈ Fq[z]
k×n, where G0 is an MDS matrix

and G1 is of the form G1 = [X 0k×k]. Then, the corresponding convolutional
code is non-catastrophic.

Proof. For all ẑ ∈ Fq, the last k columns of G(ẑ) are equal to the last k
columns of G0 and hence, G(ẑ) is full rank for all ẑ ∈ Fq.

In the construction for partial unit-memory MDP codes from [DLM+25],

X :=

[
Diag(α, α2, α3, . . . , αn−k)

0(2k−n)×(n−k)

]
∈ Fk×(n−k)

qd
, (4)

where α ∈ Fqd has minimal polynomial over Fq of degree d.

Theorem 6. [DLM+25] Let k > n − k = δ and d =
⌈
δ2−1
4

⌉
+ 1. Let

G0 ∈ Fk×n
q be a superregular matrix and G1 = [X 0k×k] ∈ Fk×n

qd
with X

given by equation (4). Then, all nontrivial minors of Gc
1 are nonzero, i.e.,

we get an (n, k, δ)-MDP code over Fqd.

The previous theorem can be seen as special case of the matrix comple-
tion problem from Remark 3 in the sense that we additionally fix G0 to be
superregular (i.e., a matrix whose every minor is nonzero) and G1 to be
of the form [X 0k×k] for some matrix X to be determined. In the following,
we present alternative constructions for partial unit-memory MDP codes
using a Vandermonde matrix for G0 and a different structure for the matrix
X. These constructions have the advantage that they require smaller finite
fields but the disadvantage that we can only cover the special cases δ = 2 and
δ = 3. In particular, the field size for our previous construction, [DLM+25],
is q = O((n + k)δ), whereas the following construction has q = O(nδ). For
β1, . . . , βn−k ∈ Fqn−k , we define

X̂ :=

[
0(2k−n)×(n−k)

T

]
with T :=


β1 0 · · · 0

β2
. . .

. . .
...

...
. . .

. . . 0
βn−k · · · β2 β1

 . (5)
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A proof for the following theorem can be found in [DLSS26].

Theorem 7. Let q ≥ n ≥ 4, k = n− 2. Let G0 ∈ Fk×n
q be a Vandermonde

matrix and X̂ a k × 2 matrix as in (5) where β1, β2 ∈ Fq2 are linearly
independent over Fq. Then, all nontrivial minors of Gc

1 are nonzero, i.e.,
we get an (n, k, 2) MDP code over Fq2.

Theorem 8. Let q ≥ n, k = n−3 and G0 ∈ Fk×n
q be a Vandermonde matrix.

Let G1 = [X̂ 0k×k] with X̂ as in (5) with β1 = z, β2 = z2, β3 = 1 where
z ∈ Fq3 \ Fq such that the minimal polynomial of z has constant coefficient
unequal to −1. Then, all nontrivial minors of Gc

1 are nonzero, i.e., we get
an (n, k, 3) MDP code over Fq3.

Proof. We provide only an outline of the proof; full details are available in
[DLSS26]. For integers i, j, ℓ, we consider any 2k×2k submatrix M of Gc

1 by
choosing i columns out of first n columns, j columns out of next n− k and
ℓ columns out of last k columns. If M corresponds to a non-trivial minor,
then i+ j + ℓ = 2k where 1 ≤ i ≤ k, 0 ≤ j ≤ n− k = 3. Thus,

M =

[
U V
0 W

]
with V = [V̂ 0k×ℓ],

where U is a submatrix of G0 of size k × i, V is a submatrix of G1 of size
k× (j+ ℓ), W is a submatrix of G0 of size k× (j+ ℓ). To show det(M) ̸= 0,
we consider different cases, for which we use the abbreviation (i, j, ℓ).
Case (k, j, k − j): This case is clear from the fact that G0 is an MDS matrix.

Case (k − j, j, k): In this case, det(M) = det([U V̂ ]) · det(W ) and it suffices

to show that det([U V̂ ]) ̸= 0, i.e., to show ([G0 X̂]) is an MDS matrix.
We consider 3 cases for j = 1, 2, 3 respectively and show that det([U V̂ ]) =
a0 + a1z + a2z

2 + a3z
3 with ai ∈ Fq such that ai ̸= 0 for (at least one)

i ∈ {0, 1, 2} and a3 = 0 or det([U V̂ ]) ̸= f(z), the minimal polynomial of z.

In the remaining cases, we write M =

[
A B
C D

]
where A,B,C,D are k × k

matrices and use the fact that det(M) ̸= 0 ⇐⇒ det(A−BD−1C) ̸= 0.
Case (k − 1, 2, k − 1): In this case, A = [g̃1 · · · g̃k−1 xi1 ], B = [xi2 0 · · · 0],
C = [0 · · · 0 gi1 ] and D = [gi2 gi3 · · · gin−2 ] where g̃i are different columns
from G0, xi1 , xi2 correspond to 2 columns of X, and gij is the ij-th column
of G0 with 1 ≤ i1 < i2 < · · · < in−3 < in−2 ≤ n. For different choices of
i1 < i2 from {1,2,3}, we observe that det(A−BD−1C) = az2 + bz + c with
either a ∈ F∗

q or c ∈ F∗
q . Hence, det(M) ̸= 0.

Case (k − 1, 3, k − 2): Here, A = [g̃1 · · · g̃k−1 x1], B = [x2 x3 0 · · · 0],
C = [0 · · · 0 g1] and D = [g2 g3 gi4 · · · gin−2 ] where g̃i are different
columns from G0 and gij the ij-th column of G0, 4 ≤ i4 < · · · < in−2 ≤ n.

Let d̃1 and d̃2 be the first and second row of D−1 respectively and vT =
[0 · · · 0 z z2 − z⟨d̃1, g1⟩ 1 − z2⟨d̃1, g1⟩ − z⟨d̃2, g1⟩]. Then, A − BD−1C =
[g̃1 · · · g̃k−1 v] and hence, det(A−BD−1C) = az2 + bz + c with c ∈ F∗

q .
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Case (k − 2, 3, k − 1): Now, A = [g̃1 · · · g̃k−2 x1 x2], B = [x3 0 · · · 0],
C = [0 · · · 0 g1 g2] and D = [g3 gi4 · · · gin−2 ] with gij the ij-th column of

G0, 4 ≤ i4 < · · · < in−2 ≤ n. For vT1 = [0 · · · 0 z z2 1 − z⟨d̃1, g1⟩] and
vT2 = [0 · · · 0 z z2 − z⟨d̃1, g2⟩], A − BD−1C = [g̃1 · · · g̃k−2 v1 v2] and
det(A − BD−1C) = a(z4 − z) + bz2 + cz3 with a ∈ F∗

q . This is nonzero if

and only if p(z) = z3 + c
az

2 + b
az − 1 ̸= 0, which is true since the minimal

polynomial of z has degree 3 and is not equal to p(z).

Recently, [Che26] provided a construction for MDP codes with L = 1 and
δ = 2, 3, which requires a smaller field size for δ = 2, whereas our con-
struction requires the smallest field size among the existing constructions
for MDP codes with these parameters for δ = 3; see [DLSS26] for details.

Theorem 9. [DLM+25] The encoding of the MDP codes from Theorem 6,
Theorem 7 and Theorem 8 requires O(n log2(n)) multiplications.

Proof. For the codes of Theorem 6 this has been shown in [DLM+25] and
for the other codes it can be shown in a similar way.

5 Conclusion

We provided constructions for MR-LRCs with UL and MDP codes with
similar building blocks, i.e., MDS matrices over some base field and diag-
onal/ lower-triangular matrices over an extension field, using similar proof
strategies. However, even if the two corresponding matrix completion prob-
lems both require to construct a matrix with a given zero pattern such that
all non-trivial full-size minors of this matrix are nonzero, the differences in
the constraints cause the building blocks to be arranged in a different way.
Thus, independent proofs are required and we do not have a direct way
of obtaining an MDP code from an MR-LRC with UL or the other way
around. Hence, the results of this paper can be seen as a first step towards
reaching the goal mentioned in the Introduction, i.e., to develop principled
matrix completion frameworks that apply uniformly across a wide range of
constraint patterns. As a next step, we aim to develop constructions for
MDP codes with L > 1 and MR-LRCs with UL without the restriction on
the number of global parities.

For future research we also want to investigate to which extent MDP
codes can be seen as MR-LRCs with unequal and hierarchical locality [NL19,
RB26]. Moreover, in [MPN20] partial MDP codes were considered, where
the imposed locality constraints prohibit the codes to be MDP, i.e., the
column distances can only reach a modified upper bound adapted to the
locality setting, and codes reaching these bounds are called partial MDP.
Hence, it is a natural question to investigate whether our techniques can
also be used for the construction of partial MDP codes.
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