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Abstract

This text contains some notes on the generalized Griesmer bound,
i.e. the Griesmer bound with respect to the generalized Hamming
weight. We give a geometric characterization of minihypers with cer-
tain parameters. This implies that the associated codes are obtained
by the classical Solomon—Stiffler construction. We present tables with
the parameters of optimal binary codes for dimensions at most seven.
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1 Introduction

The Hamming weight of a codeword equals the size of its support and the
minimum Hamming weight of a linear code is the minimum Hamming weight
of the non-zero codewords. For a subcode the support is given by the set
of all positions where at least one of the codewords in the subcode has a
non-zero entry. The rth generalized Hamming weight of a linear code is the
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size of the smallest support of an r-dimensional subcode. The generalized
Hamming weights can be used to describe the cryptography performance
of a linear code over the wire-tap channel of type II [15] and to determine
the trellis complexity of the code [3, 4]. From a geometrical point of view
the rth generalized Hamming weight of a linear code corresponds to the
minimum number of points outside of a subspace of codimension r, where
the points are the one dimensional subspaces spanned by the columns of
a generator matrix of the linear code. While one can easily find tables
on the best known bounds for the parameters of linear codes with respect
to the minimum Hamming distance for small parameters we were not able
to find such a table for the rth generalized Hamming weight. The aim
of this paper is to tabulate those numbers, where we will mainly use the
geometric reformulation as multisets of points in projective spaces. In [1]
the authors gave a construction for additive codes based on linear codes
and their generalized Hamming weights. So, the constructions studied in
this paper also give constructions for additive codes and the studied upper
bounds show limitations for this specific construction.

The remaining part of the paper is structured as follows. In Section 2 we
present the necessary preliminaries. In Section 3 we analyze the Griesmer
bound for the rth generalized Hamming weight. In Sectione 4 we present
two characterziation results for minihypers with respect to the generlized
Hamming weight that extend earlier results from [11]. In Section 5, we
determine the minimum possible lengths of [n, k], codes with given minimum
rth generalized Hamming weight d for some small parameters. We present
our results geometrically, i.e. we determine the maximum number m((;) (k,w)
of points in PG(k — 1, ¢) such that each subspace of dimension r contains at
most w points. We completely determine mg)(k —1,w) for all £ <7, and
all r.

2 Preliminaries

A [n,k]4 code C' is a k-dimensional subspace of . For ¢ = (c1,...,¢,) €
Iy we call supp(c) := {1 <i<n : ¢ # 0} the support of c and wt(c) =
| supp(c)| its weight. For a vector subspace C' C Iy, we define its support as
the set of all coordinate positions in which the vectors of C' are not identically
zero. In other words, supp(C) :={1 <i<n : Je=(c1,...,c,) € C,c; #0}.
For two IFy-vector subspaces C, C" of Fyl we write C' < C'if C” is a subspace
of C. The rth generalized Hamming weight of a linear code C, denoted as
d,(C), is the size of the smallest support of an r-dimensional subcode of C:

dy(C) := min{|supp(C’)| : ¢' < C,dim(C") =r}. (1)

A linear code of length n, dimension k£ and rth generalized Hamming weight
d, will be called an [n,k,d,]"-code. The sequence (di(C),...,dp(C)) is



called the weight hierarchy of a linear [n, k], code C. Clearly, 1 < d;(C) <
dy < -+ < di(C) <n (cf. [15]).

A multiset in PG(k—1, q) is a mapping K: P — Ny, from the pointset P
of PG(r,q) to the set of non-negative integers, which assigns a multiplicity
to each point of P. This mapping is extended to any subset Q of P by
K(Q) = > pco K(P). The integer K(Q) is called the multiplicity of Q.

A multiset K is called an (n, w)-arc (resp. (n,w)-minihyper), if K(P) = n,
K(H) < w (resp. K(H) > u) for each hyperplane H in PG(k — 1,¢), and
there is a hyperplane Hy with IC(Hy) = w (resp. K(Hp) = u).

Let K be a multiset in PG(k — 1,¢q). We denote by w, the maximal
multiplicity of a r-dimensional subspace of PG(r, ¢) with respect to K:

wy :=max {K(S) : S is a subspace of PG(k — 1,¢),dim(S) =r}. (2)

Similarly, we denote by u, the minimal multiplicity of a r-dimensional sub-
space of PG(r, q) with respect to K:

up = min {K(S) : S is a subspace of PG(k — 1,q),dim(S) =r}.  (3)

A multiset in PG(k — 1,q) of multiplicity n is called an (n,w,)™-arc (resp.
(n, u,)")-minihyper) if each r-dimensional subspace of PG(k— 1, q) has mul-
tiplicity at most w, (resp. at least w,), and there exists an r-dimensional
subspace with this multiplicity.

There exists a one-to-one correspondence between the isomorphism classes
of the linear [n, k],-codes of full length and the classes of projectively equiv-
alent multisets in PG(k — 1, ¢), where k > 2. Clearly,

Wy + dg—r—1 = n. (4)
This implies wy < wi < -+ < wp_1 = n. If s > wy is an integer, then
K' = s — K is a multiset of cardinality svx — n with u, = sv,41 — wy,

r=0,1,...,k—1. Here v, = (¢" — 1)/(¢ — 1), as usual.

Definition 1. We denote by m((f)(k,w) the mazimal multiplicity of a mul-
tiset in PG(k — 1, q) such that every r-dimensional subspace has multiplicity
at most w. In other words, m,(;)(k,w) is defined as the largest n for which
there exists an (n,w)") -arc in PG(k — 1,q).

3 The Griesmer bound

A result analogous to the classical Griesmer bound using the generalized
Hamming weights was proved in [6, 8]. The corresponding bound is called
the generalized Griesmer bound.



Theorem 1. Let C be an [n, k,d,]")-code, where 1 <1 < k. Then

nzd,+l§wﬂ. (5)

We shall denote the left-hand side of (5) by g,gr)(k, d,). In case of r =1,
we write simply gq(k, d). The following result is well-known (see e.g. [12]).

Theorem 2. Let K be an (n,n — d)-arc in PG(k — 1,q) and let C' be an
[n, k,d]q code associated with K, If n = t+g4(k,d), where t > 0 is an integer,
then

k—1 d
w; <t + [—Z—‘ (6)
i=k—1—j q
If d is written as
k—2 ‘
i=0
then
k—2
g(gl)(ka Q) = 0V — Z EiVit1- (8)
=0

Let C be an [n = gq(k:,d),k:,d]él)—code and let K an arc (n,n — d)-arc in
PG(k — 1, q) associated with C'. By Theorem 2,

k—2
Wg—1—j = OVg—j — Z&'vzﬂfj- 9)
i=j
Since the maximal multiplicity of a point with respect to K is o, K can
be represented as K = oxp — F, where F is a minihyper with parameters

k-2 k=2
(Z €iVit1, Z Eivi> (10)
=0 =0

with maximal multiplicity of a point at most ¢. Such minihypers without the
restriction on the maximal point multiplicity can always can be constructed
as a sum of subspaces: €;_o hyperplanes, e;_3 hyperlines, and so on, £; lines
and gg points. Such minihypers are called canonical.

A canonical minihyper F in PG(k—1, q) is said to be of type Zf;lz gili—1]
if it is the sum e;_o hyperplanes, €;_3-hyperlines, and so on &5 lines, and &
points. In other words, F = >, xs,, where exactly ¢; of the subspaces S;
are of (projective) dimension j — 1. The arc K obtained by subtracting F
from s copies of PG(K — 1,¢) will be said to have type s[k — 1] — Zf:_f[al]



Minihypers with parameters

k=2 k=2 (k=1-7)
(Z EiVit1, Zgivi-i-l—r) (11)
i=r i=r

can be constructed in a similar fashion as canonical minihypers.

Theorem 3. Let F be a minihyper in PG(k — 1,q) with parameters given
by (11), 0 < g; < q — 1, and with maximal point multiplicity wy. Then for
every o > wy K =0 — F is a (multi)arc in PG(k — 1, q) with parameters

k—2 k-2 (k=1-7)
n=0vg — E EiVit+1, Wg—r—1 = OVf—y — Z €iVi+1—r .

i=r i=r
The code associated with K is a Griesmer code with n = gc(f)(k, dy).

If the maximal point multiplicity of F with parameters given by (11)
is large, such minihypers can always be constructed. Thus we have the
following theorem, essentially due to Solomon and Stiffler [13].

Theorem 4. If d. > (q — 1)¢*~' Griesmer [n = g((f)(k‘,dr),k:,dr]ér)—codes
do exist for all ¢,k and r.

If a code attains the classical Griesmer bound, it attains also the Gries-
mer bound for all generalized weights.

Theorem 5. Let C be an [n = gq(k,d), k:,d]él)—code where dV) = d is given
by (7). Then

k—1 r—1
dr(C) = v, - (qu_r — Z €i1ql_r) - Z €i—1Vi,
i=r =1

and C attains the Griesmer bound for the rth generalized Hamming weight.

4 A Characterization Result

It was proved in [11] that every (xvg_1,xvg_o)-minihyper in PG(k — 1, q),
q = p" is canonical for all < ¢ — ¢/p. This result remains true also for the
generalized Hamming weights.

Theorem 6. Every (zvy_1, zv, )" -minihyper in PG(k—1,q), ¢ = p", k > 4,
with © < q — % is a sum of hyperplanes for all T € {1,...,k — 2}.



Proof. Let us note that the case r = k — 2 was proved in [11]. Below we
shall prove the result for r = k — 3. The remaining values of r are treated
in a similar fashion.

Let F be a (zvj_1, zvp_3)*~3)-minihyper. Since every (k—3)-space is of
multiplicity xwvg_3, it follows that the multiplicty of every hyperplane is at
least zvy_o. If H is a minimal hyperplane then F|g is a (zvg_q, zvp_3)*3).
Hence it is a sum of hyperlines.

Fix a minimal hyperplane Hy and consider a minmal (k — 3)-subspace S
in Hy. Denote by H;, i = 0,...,q, the hyperplanes through S. A counting
argument gives that F(H;) = zvy_o for all i. The restriction of F on any of
the hyperplanes H; is a sum of z (k — 3)-dimensional subspaces.

Consider a projection ¢ from a (k — 4)-dimensional subspace § C S
without O-points onto some plane 7 dosjoint from J. Since F|g, is a sum of
(k — 3)-dimensional subspaces, F(0) = tvg_3+ (x — t)vg_4. Set L; = o(H;).
This line is of type

(thk73 + (z — t)qk74, ... ,tqqkf‘?’ + (z — t)qk74, (x — t)qk74)

with respect to F(¥), where S t; = t.
Define a new multiset

_FP—(r— t)qk_4
qk—3

g

The line L; is of type (t1, ... ,t4,0). Moreover, the multiset G is a (t(¢+1),t)-
blocking set, which is a sum of lines. Going back to F, we deduce that that
there exists a hyperplane G' through ¢ such that 7 = F' + xg where F' is
a ((z — 1vg_1, (z — 1)v,)"-minhyper, and x¢ is the charactristic function
of G. Repeating this argument we obtain

F=xa+ " +Xa.
where G1,...,G, are (not necessarily) different hyperplanes. O
Similar arguments can be used to prove the following theorem.

Theorem 7. Every (zvg_1 + vg_2, 20, +v,_1)") in PG(k — 1,p), p prime,
for x < p—2 is the sum of x hyperplanes and one subspace of codimension
2.

The probelm of characterizing the minihypers with parameters (11) is
very difficult. The fact that all minihypers with certain parameters (11) are
cannonical means that all codes associated with this minihyper are obtained
by the Solomon-Stiffler construction [13].



5 Exact values

In this section, we tackle the problem of finding the value of mgr) (k—1,w) for
fixed k, r, w and ¢q. Some instances of this problem are of special interest. So,
the case r = 1 is the problem of determinig the largest size of a generalized
cap, — a multiset of points such that each line has multiplicity at most w
(cf. [2]). If w = 2 this is the notorious maximal cap problem.

From the connection between the linear [n, k], codes and the multisets

of points in PG(k — 1,¢), we get that m((f)(k: — 1,w) is the largest integer n

such that n > gékir*l)(kz,n — w). This integer will be called the Griesmer

upper bound for mgr)(k —1,w).

Another bound on mg")(k — 1) is the following. Set s, = w and $,4; =
m((fﬂfl)(r +i,8.),1=0,...,k—1—r. Then mér)(k: —1) < sp_1. We call
this bound the coding upper bound for m((f)(k: - 1,w).

Some of our results for the binary case for dimensions k = 6,7 are
presented in the tables below. For all tables with k < 7, see [10].

w mgz)(G, w)  construction upper bound
3 11 [10] [10]
4 64 [6] — [5] Griesmer upper bound
5 65 plus point Griesmer upper bound
6 96 [6] — [4] Griesmer upper bound
7 127 [6] Griesmer upper bound
8 128 plus point Griesmer upper bound
9 129 plus point Griesmer upper bound
10 160 2[6] — [5] — [4] Griesmer upper bound
Table 1: Exact values for m§2)(67 w).
w mgz)(S, w)  construction upper bound
3 8 [10] [10]
4 32 [5] — [4] Griesmer upper bound
5 33 plus point Griesmer upper bound
6 48 [5] — [3] Griesmer upper bound
7 63 [5] Griesmer upper bound
8 64 plus point Griesmer upper bound
9 65 plus point Griesmer upper bound
10 80 2[5] — [4] — [3] Griesmer upper bound

Table 2: Exact values for m§2)(5, w).



w  my (5, w) construction upper bound

4 7 projective base [10]

5 11 BKLC/ILP Coding upper bound
6 18 BKLC/ILP Griesmer upper bound

7 19 plus point Coding upper bound
8 32 [5] — [4] Griesmer upper bound
9 33 plus point Griesmer upper bound
10 34 plus point Griesmer upper bound
11 38 BKLC/ILP [10]
12 48 [5] — [3] Griesmer upper bound
13 49 plus point Griesmer upper bound
14 56 [5] — [2] Griesmer upper bound
15 63 [5] Griesmer upper bound
16 64 plus point Griesmer upper bound
17 65 plus point Griesmer upper bound
18 66 plus point Griesmer upper bound
19 73 BKLC/ILP Griesmer upper bound
20 80 2[5] — [4] — [3] Griesmer upper bound
21 81 plus point Griesmer upper bound
22 88 2[5] — [4] — [2] Griesmer upper bound
23 95  sum construction  Griesmer upper bound
24 96 plus point Griesmer upper bound
25 97 plus point Griesmer upper bound
26 104 2[5] — [3] — [2] Griesmer upper bound
27 111  sum construction  Griesmer upper bound
28 112 plus point Griesmer upper bound
29 119  sum construction  Griesmer upper bound
30 126  sum construction  Griesmer upper bound
31 127 plus point Griesmer upper bound
32 128 plus point Griesmer upper bound
33 129 plus point Griesmer upper bound
34 136  3[5] — [4] — [3] — [2] Griesmer upper bound

Table 3: Exact values for mg?’)(f), w).



w ms (6,w) construction upper bound

4 9 ILP [10]

5 19 BKLC/ILP [10]

6 28 ILP [10]

7 35 BKLC/ILP Coding upper bound
8 64 [6] — [5] Griesmer upper bound
9 65 plus point Griesmer upper bound
10 66 plus point Griesmer upper bound
11 72 [10] [10]
12 96 [6] — [4] Griesmer upper bound
13 97 plus point Griesmer upper bound
14 112 [6] — [3] Griesmer upper bound
15 127 [6] Griesmer upper bound
16 128 plus point Griesmer upper bound
17 129 plus point Griesmer upper bound
18 130 plus point Griesmer upper bound
19 145 BKLC/ILP Griesmer upper bound
20 160  2[6] — [5] — [4]  Griesmer upper bound
21 161 plus point Griesmer upper bound
22 176 2[6] — [5] —[3]  Griesmer upper bound
23 191 sum construction Griesmer upper bound
24 192  sum construction Griesmer upper bound
25 193 sum construction Griesmer upper bound
26 208  2[6] —[4] — [3]  Griesmer upper bound

Table 4: Exact values for m;?’)(G, w).
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