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Abstract

In this paper, we introduce the generalized sum rank metric for
convolutional codes, which extends the Hamming metric and the (sum)
rank metric for both block and convolutional codes. This new metric
allows the information sent at each time instant to be divided into
smaller packets of arbitrary and different sizes. We derive a generalized
Singleton bound for codes in this metric and present constructions that
achieve this bound. In addition, we study column distances in the
generalized sum rank metric, provide upper bounds, and give optimal
code constructions.

Key Words : Convolutional codes, Sum-rank metric, Construction of op-
timal codes

1 Introduction

When using error-correcting codes for application in random linear network
coding, the suitable framework is to consider codes endowed with the rank
metric instead of the classical Hamming metric. For the case of multi-
shot network coding, i.e. when a network is used several times to trans-
mit various packages of information, the proposed measure for the involved
error-correcting codes is the sum rank metric (see e.g. [NUF10, SK20]),
which turns out to be a generalization of both, Hamming metric and rank
metric for linear block codes; for more details on codes in the sum-rank
metric see e.g. [GMPS23, BGLR21]. In this setting, codes are used in
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several time instances, where dependencies between the packages sent in
the different shots should be created and where the overall metric can be
written as the sum of the metrics for the single time instances. This nat-
urally suggests the use of convolutional codes for multishot network cod-
ing and hence, rank metric convolutional codes have been studied in e.g.
[WZSS15, AMPN20, NPS17, MBK16]. When using convolutional codes in
the rank metric, the analogue to the free distance, i.e. the classical minimum
distance in the Hamming metric, is already called sum rank distance as the
structure of convolutional codes inherently connects the encoding of differ-
ent time instants and calculating distances in general involves forming a sum
of distances corresponding to different time instants. The same is true if one
considers column distances in the rank metric (see e.g. [MBK16, NPRS17]),
which are the crucial measure for low-delay applications.

In this paper, we propose an even more general point of view by in-
troducing the generalized sum rank distance for convolutional codes, which
is a generalization of the Hamming metric and the (sum) rank metric for
convolutional codes as well as a generalization of the sum rank metric for
block codes. The use of codes in this new metric for multishot network
coding allows to split the amount of information sent at one time instant
into smaller packages of arbitrary and different sizes. We show a general-
ized Singleton bound for convolutional codes in the generalized sum rank
metric and present constructions for codes that reach this bound. For these
constructions we make use of rank metric convolutional codes that reach
the Singleton bound in the usual (sum) rank metric. Moreover, we consider
column distances in the generalized sum rank metric, show upper bounds for
these distances and provide constructions for convolutional codes that are
optimal with respect to these bounds. Furthermore, we improve upon ex-
isting constructions for rank metric convolutional codes via showing how to
obtain rank metric convolutional codes with optimal column distances from
certain MRD block codes. In [MPN20, Definition 12] a generalized sum
rank metric (that is just called sum rank metric there) has already been
defined for vector rank metric convolutional codes. However, in [MPN20]
these codes are not studied in detail but are mainly used for the construction
of so-called partial MDP codes. Also in this paper, we take a different point
of view by considering matrix convolutional codes in the generalized sum
rank metric, which leads to upper bounds for sum rank column distances
that are much more involved than and differ from the bounds presented in
[MPN20, Proposition 4].

2 Preliminaries

The following definition generalizes Hamming metric and rank metric for
block codes. To this end we set F':= Fp1>™1 x ... x Fyexme,



Definition 1. Let t,mj,n; € N, j = 1,...,t, ¢ : Fprmtotmeme o

v=(v-v) = (V,.... V), v; = (v%,.. vgjr)n] “7”7(32,17-”7”?%),7?13') €
F™, V; = (vgg)) e F7*™ . A sum rank metric block code C is

the image of a monomorphism ¢ = ¥ o~ for some monomorphism -~y :

F’; — Fprmatetneme e there exists a matriv G € Fkx(mmﬁ +mmt)
called a generator matriz of C, such that v(u) = uG = v. For A =
(Ay,...,A),B=(By,...,By) € F, the sum rank distance is defined as

t
dsr(A, B) = wtgr(A — B) Zth (A; — Bj) Zrank‘(Aj — Bj)

j=1
and the (minimum) sum rank distance of C is
A,B) = mi .
dr(C) = min_ dse(4,B) = i, wtsi(©)

The following theorem generalizes the Singleton bound for Hamming
metric and rank metric block codes.

Theorem 1 ([BGLR21]). Let C C Fpt™™1 x ... x Fpt*™ be a sum rank
metric code with |C| > 2 and dsgr(C) = d. Let ¢ be the unique integer
t 4
satisfying 0 <d—1— > n; <mng—1. Then, dim(C) < > m;n; —me(d —
i=0+1 i=1
t
1— > n;). Codes reaching equality in this bound are called Maximum
i=0+1
Sum Rank Distance (MSRD) block codes. For t = 1 such codes are
called Mazximum Rank Distance (MRD ).

Next, we generalize Definition 1 to the setting of convolutional codes. In
this way, we also get a generalization of both Hamming metric and rank-
metric convolutional codes. We define R := [F,[D]"*"™1 x ... x F [D]">",

Definition 2. Let t,m;,n; € N, j = t, ¢ Fg[D Jamatetneme R
v(D) = (vl((D)) vt(D))()H( 1(D), . ) Vi(D)), "
v;(D) = (U1?1(D) U1]m (D),...,U%’I(D), ’Unjj,m](D)) € F,[D]nmi,

Vi(D) = (vi(jf)(D)) € F,[D]"*™i. A sum rank metric convolutional
code C is the image of a monomorphism @ = 1) oy for some monomor-
phism ~y Fk[D] — F,[D]mmatotmme e there is a matric G(D) €

F [D]kx("lm1+ i) ith full rank, called o generator matriz of C, such
that v(u(D)) = u(D)G(D) = v(D). For

A(D) = (Ay(D), ..., A(D)) = (O A1;D',.... > ApiD

€N ieN
B(D) = (B1(D),... = ZBl DY ZBMD
ieN ieN



the generalized sum rank distance is defined as

dsr(A(D), B(D)) =wtsr(A(D) — B(D))

= wtp(A;(D) - B;j(D))=> > rank(A;; — B;;)
j=1

j=1ieN

and the (minimum) generalized sum rank distance of C is

dsp(C) = ' dsp(A(D), B(D)) =: i tap(C(D)).
sr(C) Aoy ER sr(A(D), B(D)) C(Dr)rgg\{o}ww( (D))
A(D)#B(D)

If we set ¢t = 1 in the previous definition, we obtain a rank metric con-
volutional code, whose associated distance dr has been called sum rank
distance, see [NPRV17]. If we set n; = m; = 1 for j = 1,...,t, we get
a convolutional code in the Hamming metric dy. As (sum rank metric)
convolutional codes are F,[D]*-submodules of F,[D]", in the following, we
introduce some properties of polynomial matrices and polynomial modules.

Definition 3. Let G(D) =Y 1  G;D' € F[D]**" with G,, # 0 and k < n.
For each i =1,...,k, the i-th row degree v; of G(D) is the largest degree
of any entry in row i of G(D). The external degree of G(D) is the sum
of its row degrees. The internal degree of G(D) is the mazximal degree
of its k x k minors. If its external and internal degree are equal, G(D) is
called a minimal generator matriz of the convolutional code it generates.
The degree 6 of a convolutional code C is defined as the external degree of a
minimal generator matriz of C. We call such a code an (n, k,d) convolutional
code. A convolutional code C C R in the generalized sum rank-metric is
denoted as (ng X mq,...,ny X my, k, ) convolutional code.

Definition 4. A convolutional code C is called non-catastrophic if any of
its generator matrices G(D) is left prime, i.e. if tk(G(X)) =k for all X € Fy,
where F, denotes the algebraic closure of F,.

Note that non-catastrophic convolutional codes are delay-free, i.e. Gg
has full rank. A convolutional code admits a parity-check matrix if and only
if it is non-catastrophic [VY97]. In the rest of this section, we introduce
column distances in the Hamming metric and in the rank metric.

Definition 5. For j € Ny, the j-th column distance of a convolutional
code C (in the Hamming metric) is defined as

d;(C) := min{wty (vo,...,v;) | v(D) =vo +v1D+--- €C and vy # 0} .

Theorem 2. [GLRS06] Let C be an (n,k,0) delay-free convolutional code.
For j € No, dj(C) < (n—k)(j+1)+1. Moreover, if d;(C) = (n—k)(j+1)+1

for some j € Ng, then d$(C) = (n—k)(i + 1)+ 1, fori <j.



Definition 6 ([NPRS17]). For j € Ny, the j-th column rank distance of
a (n x m, k,d) non-catastrophic rank metric convolutional code is

dj"(C) = min{wtr(V(D)j0,;) | V(D) € C and Vo # 0}
. J .
where V(D) = > ViD* and V(D)j0; = >_ ViD".
i€Ng =0
Theorem 3 ([NPRS17]). Let C be an (n x m,k,d) non-catastrophic rank
metric convolutional code. Then,

& (C) < j <n— MD +n— V"T;IJ (1)

Theorem 4 ([NPRS17]). Let C be an (n x m,k,d) non-catastrophic rank
metric convolutional code. If d5"(C) reaches the upper bound (1), then di" (C)
reaches this bound for all i < j.

Definition 7. If the bound in (1) is achieved for j = u, then we call the code
Memory Maximum Sum Rank (m-MSR). If this bound is achieved for

)

nlg) + | U iy

n— [ ’

we call the code Maximal Rank Profile (MRP). Note that it can be shown
with simple calculations that j = L is the largest integer for which the bound
in (1) can be achieved. Note that this integer L has already been calculated
in [NPRS17]. However, in that paper the formula contains a mistake which
we corrected here.

L:

3 Generalized Singleton bound for sum rank met-
ric convolutional codes
In this section, we present a Singleton-like bound for convolutional codes

in the generalized sum rank metric, which implies the Singleton bound for
rank metric convolutional codes and Hamming metric convolutional codes.

Theorem 5. Let C be an (ng X my,...,ny X my, k,d) sum rank metric con-
volutional code. Let o € {1,...,t} be the maximum value such that
o
<{kJ+1>k—5—12n1m1+---+na1ma1 (2)

andn=mny+---+ng. Then,

: e — 0 — — a_ln.m.
dSR(C)gn{ZJ+anV[kJ+1)k 5m1 S0 nym;




Proof. Let G(D) be a minimal generator matrix of C with row degrees

Vg > o0 > Up_y1 > Vg—g = *++ = Vk—1 = Umin. Consider now u(D) =
u=1(0,...,0,up—g,...,up—1) € Flg \ {0}. Then, v(D) = u(D)G(D) has de-
gree at most Vpin. As vg = (vo1,. .. vv0,2§:1njmj) = uG(0), we can select
Uk—g, - - -, Ug—1 Such that vg1 = --- =wvge_; = 0. This means that for

V(D) = ¢(u(D)) = (Vi(D),...,Vi(D)) = <Z VLiDiw”aZVt,iDZ) ,

€N €N
the 8 — 1 matrices Vi ,...,V3_1 0 are zero where 3 is the maximum value
6—1—2@;1 n;m;
such that / —1 > Z 1 nym;j. Also, the first {n{ml”J rows of Vg
are zero. S0 we get
0 fori=1,...,68—1

s
rank(Vip) < ¢ ng — Vlzijl;l“J fori=p

n; fori=p8+1,...,t
With this we can calculate
t VUmin t Vmin
wtsr(V ZZrank i) ZZmnk i +Zmnk 5.0)
j=1 =0 Jj=1 i=1
t p—1
C—1=3 51 nym;
i=1 A j=A+1

This bound is maximal for v,,;, = L%J and ¢ = (L%J + 1)k — 6 which implies
a = [ and

é 1 =5l
wtsr(V(D)) \\J‘i‘zn‘j { AL itV = JJ'D

Ma

If a code attains the upper bound from the previous theorem we call it
Maximum Sum Rank Distance (MSRD) convolutional code.

Remark 1. A rank metric convolutional code is a sum rank metric convo-
lutional code with t = 1. This implies ny = n, m; = m, and for a as in (2),
one always has o = 1. With these values, Theorem 5 simplifies to

ey <8 1) - [LL2E0)

which is exactly the Singleton bound for rank metric convolutional codes from
[NPRV17]. Convolutional codes that reach this upper bound are called MRD
convolutional codes. In [NPRV16], it has been shown that such codes have
generic row degrees, i.e. k {%1 — & row degrees are equal to L%J and the other
row degrees are equal to [%]



Remark 2. A Hamming metric convolutional code is a sum rank metric
convolutional code withn; =m; =1 fori=1,...,t. This impliest =n and
a—1= (L%J + 1) k— 06 — 1. With these values, Theorem 5 simplifies to

dH(C)gn{ZJ +n—a+1:(n—k)qu +1>+5+1,

which is exactly the generalized Singleton bound from [RS99].

4 Construction of MSRD Convolutional Codes

In this section, we will present constructions for convolutional codes that
reach the upper bound of Theorem 5 for &« = 1. In the following theorem,
we show how to obtain an MSRD convolutional code for general ¢ € N from
several MRD convolutional codes.

Theorem 6. For j =1,...,t, let GI(D) € F [D]**"i™i be minimal gener-
ator matrices of (nj x mj,k,0) MRD convolutional codes C; with dr(C;) =
n](L%J + 1) and with row degrees in non-increasing order. Let C be the sum
rank metric convolutional code generated by G(D) = (G*(D) ... GYD)).
If o =1, then C is an (ny X my,...,ny X my, k,0) MSRD code.

Proof. As G(D) is a minimal generator matrix with the same row degrees
as the G7(D), the degree of C is §. From Theorem 5 with o = 1 we get

dSR(C)gnQZJH)—Wghl)kﬂs_lJ. (3)

mq

Since C; is MRD and has minimum distance nq (L%J + 1), we get

= (4 1) [ (2] )

5
and hence, VL’“JHWJ = 0. Thus, the upper bound (3) simplifies to

m1

dsgr(C (L% 1) We now show that C reaches this upper bound. For
each 0 7é u(D) € Fy[D]*, we obtain

V(D) =4 (v(D)) = ($(w(D)GH(D)) ... ¥(u(D)G'(D))).

Since 1 (u(D)G? (D)) is a nonzero codeword of Cj, we have

wtsa(V(D)) > gwmwwwwwm > ([ +1) &

Jj=1



Combining the previous theorem with a construction for MRD convolu-
tional codes from [NPRV17], we obtain the following construction for MSRD
convolutional codes.

M5 X1

Theorem 7. For an arbitrary finite field F,, consider A; € Fy with
an irreducible characteristic polynomial and any full row rank matriz X; €

ngxmj forall j =1,...,t. Assume that m; > n; and m; > 0 + k hold for
allj=1,...,t. For0<i< L%J, let

X AR X AR

X AP X AT
G; = . ;
PH X AP X AP
s s
wfl(XlAlfl_kJ""k, L ,XtAfl‘kJ+k>
o z
L%JJrl w_l(XlAlf—Hs_l; o 7XtAIIf€+6_1)
Ow[27-6)xn
FIRT t
Then, the matriz G(D) = G;D" € }Fq[D]kszlnjmj is the generator
1=0

matriz of an MSRD (ny X my,...ny X my, k,d) convolutional code.

Remark 3. In [NPSV2}], the authors modify the construction for MRD
convolutional codes from [NPRV17] that we use in the previous theorem a
little to enable larger values for §. This allows to obtain a similar improve-
ment in our construction for MSRD convolutional codes but for reasons of
space we skip the corresponding details here.

5 Generalized sum rank column distance

In this section, we generalize the notions of column distance and column
rank distance for convolutional codes. However, before doing so, we present
a new construction for convolutional codes that are m-MSR and MRP since
there are not many constructions for convolutional codes with optimal rank
column distance available. Moreover, the following theorem shows how to
obtain m-MSR and MRP codes from MRD block codes, a strategy that
will be used later in this section to obtain convolutional codes with optimal
column rank distances from MSRD block codes.

Theorem 8. Assume L%J = L%J Let D C ngm be an MRD block code
with rank distance dg(D) =n — | £|, i.e. dim(D) = m(n — dgr(D) + 1) =
m( L%J + 1), and we can choose a basis {Al,...,Am(LﬁJ_i_l)} of D. Set



Y (Aig1)
YA,

O (Agrr)

and G(D) = 3. G;D'. LetC be the (nxm,k, kj) rank metric convolutional
1€Np

code with generator matriz G(D). Then, d5"(C) achieves the bound from

Theorem 8. Moreover, C is an m-MSR and an MRP code.

Proof. Let u = (ug,...,u;) € F];(jJrl), i = (Wi,...,uix) for i =0,...,7,
vi = wG + wGic1 + ..., w4;Go, Vi = Y(v;) = Yy uorAikse + oo+
25:1 u; 0Ag. Hence, for ug # 0, each V; is a non-trivial linear combina-
tion of Aq,... ,A (| £]+1) i.e. a codeword of D. Since dgr(D) = n — LEJ,

one has rank(V;) > n — L%J for i = 0,...,j and thus, wtr(V (D)) =
G+ 1)(n-— LEJ ). By calculations it follows that C m-MSR and MRP. [

Remark 4. If L%J = L%J is not true, then m | k and one gets a construc-
tion for m-MSR convolutional codes (over large finite fields) from [MBK16].

Definition 8. The j-th column sum rank distance of a non-catastrophic
(n1 X ma,...,ng X my, k,0) sum rank metric convolutional code is

djST(C) = min{U}tSR(V(D)HO,j}) | V(D) €C and Vy # 0}, for j € Ng,

where V(D) = > (Vi4,..., Vi)D" and V(D)1 = Z(VM,...,VM)D

1€Np i=0
Theorem 9. Let C be an (ny X mq,...,ng X my, k,0) non-catastrophic sum
rank metric convolutional code. Let By, B2 € {1,...,t} be the maximal values

such thatk—l—zﬁll n;m; > 0 and k — 2521 n;ym; > 0. Then,

¢ n;m ‘ Bl ym
£ <3 mi V 1277:151 i zJ (an VZWJ) (4)

i=p1 i=P> Mg,

Proof. Let G(D) = Y. G;D" be a generator matrix of C. As G(D) is left
1€Np
prime, we can assume, without loss of generality, that the first & columns of

Gy are linearly independent. We proceed via induction with respect to j.
For j = 0, we choose ug € IF’; \ {0} such that vy = wpGo has the

t
first £ — 1 entries equal to zero, so wty(vg) < > ngmy — k + 1. Then,
=1

for (Vio,...,Vi0) = ¢(vo), we have that Vig,...,Vs 10 are zero and
k—l—zfil_l n;m;
mﬁl

the first J rows of Vg, o are equal to zero. So we get

9



! k—1- T g
wtsr(Vo) < > ny— n'l—;l” . Assume now that the upper bound
i=p1 1
holds for j. Let u(D) € Fy[D}*, v(D) = u(D)G(D), V(D) = ¢(v(D)) =
> (Vig,...,Vig)D' € C be such that wtsr(V(D)j0,5) = d;*"(C). Choose
ieN
ujy1 5o that vj11 = uj11Go +uj—1G1 + - - - +upGj4+1 has the first k entries
equal to zero. This means that the matrices Vjiq1,...,V)11,8,—1 are zero

d the first | F=ZL_mm: f 1 d
and the first BT rows of Vji1 g, are equal to zero and we get
55 (C) < wtsr(V(D)jjo,j41)) = d5™"( Zmnk i1.0)

i —-1- 'n Bl pom
oo g ),

1= =2

Remark 5. The previous Theorem generalizes the bound of Theorem 3 as
t =1 implies B1 = P2 = 1, and the bound of Theorem 2 as n; = m; =1 for
i=1,....,t impliest=mn, B1 =4k, o=k + 1.

Theorem 2 and Theorem 4 can be easily generalized as follows.
Theorem 10. Let C be an (ny X ma,...,ng X my, k,d) non-catastrophic sum

rank metric convolutional code. If di°" reaches the upper bound (4), then
ds*" reaches this bound for all i < j.

The following theorem can be shown in a similar way as Theorem 8.
P — k—1 Z nimsg _ k—zfgl n;m;
Theorem 11. Assume 3 := 1 = [, LmBlJ = {’";J

Let D C F be an MSRD sum rank metm'c block code with distance dsgr(D) =
¢ k—Zﬁfln-m- k—Zﬁfln-m-

>oni— — — | and dim(D) = mez—i-mg — — | +1].

1=

Choose a basis {(A11,...,A¢1),---, (Alydlm(p), ooy Ay dgim(p))} of D and let

O (Av g1y A
( 1 k+1. t k—i—l) . . dzm(D)
G, = : fori=0,...,5< —1

k
U AL 1)k -5 Ab (i 1)k)

and G(D) = Y. G;D. Let C be the (n1 x my,...,ng x my, k, kj) sum rank
i€Ng

metric convolutional code we obtain from G(D). Then, C achieves the bound

(4) for alli=0,...,j

With the preceding theorem we obtain convolutional codes with optimal
column sum rank distances from MSRD block codes over the same field;
constructions for MSRD block codes can be found in e.g. [MP24, BGLR21].

Even if the constructions of optimal codes in the (generalized) sum rank
metric presented in this paper have restricted code parameters, they all can
be defined over arbitrary (small) finite fields.

10
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