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Abstract

This paper analyzes m-dimensional (mD) convolutional codes with
finite support in N over Fy[z1, ..., 2,]", where F, is a finite field with
q elements. We revisit the mD generalized Singleton bound for codes
with rate k/n and degree 6, focusing on convolutional codes that attain
it, known as maximum distance separable (MDS) mD convolutional
codes. As our main result, we develop new MDS mD convolutional
codes constructions based on the superregularity of specific matrices.
In particular, we provide new families of rate 1/n MDS mD codes by
imposing row degree conditions on their generator matrices, signifi-
cantly expanding the class of known MDS mD convolutional codes.

Key Words: MDS Codes, Multidimensional convolutional codes, Free
distance.

1 Introduction

A one-dimensional (1D) convolutional code can be described as an F,[z]-
submodule of F,[z]", where F[z] denotes the polynomial ring in a single
indeterminate over the field with ¢ elements F,. Unlike block codes, their
structure is ideal for continuous data streams, offering superior error cor-
rection by processing dependencies across multiple symbols. Fundamental
theoretical foundations were established by Forney [For70, For73, For74],
and the search for codes with optimal properties remains an active research
field. For comprehensive introductions, see [JZ99, LPR21, LC83].
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Multidimensional (mD) convolutional codes extend the concept of convo-
lutional codes to polynomial rings with multiple variables. An mD convolu-
tional code of length n is a free R-submodule of R" where R = F[z1, ..., 2p].
Using mD codes for m-dimensional data instead of (several) codes of lower
dimension, allows for low-delay encoding and decoding even if an entire
(m — 1)-dimensional subset of the received word is erased. For instance, 2D
convolutional codes are naturally suited for transmitting images and videos
as 2D data. With the advancement of higher dimensional codes, we are
confident that these applications will find more use in the future.

While 1D convolutional codes are well-studied, 2D codes are less ex-
plored. The concept of 2D convolutional codes was first introduced by For-
nasini and Valcher in [VF94, FV94]. Subsequently, the authors in [CNPP16]
established an upper bound for the free distance of 2D convolutional codes
and proposed optimal code constructions. Further research on the con-
struction and characterization of 2D convolutional codes can be found in
[ANP18, ANP15, CNPP12]. Despite these advances, there are still relatively
few explicit constructions of maximum distance separable (MDS) 2D convo-
lutional codes. [CNPP12] proposed rate 1/n codes for n > w, while
[ANP15] achieved n > 6 4+ 1 for 6 < 2. For rate k/n, [CNPP16] proved the
existence of MDS 2D convolutional codes if n > g(L%J +2)( L%J +3) for k 14,
and n > %(L%j +1)(L%j +2) for k | §. Recently, [ANP18] presented construc-
tions satisfying n > k (L%J + 1) . Research on higher-dimensional (mD) con-
volutional codes is even more limited. First introduced in [Wei98, GLRWO01]
and further studied in [Cha09, CT04, Kit02, Zer10, Lom20], these codes ex-
hibit fundamental differences from 1D and 2D cases [Wei98]. Very recently,
[APS25] established the mD generalized Singleton bound and presented the
first 3D MDS convolutional codes (rate 1/n, § < 2) with finite support that
achieve this bound. In addition to code constructions, decoding aspects
have also been investigated, and in particular, a decoding algorithm for 2D
convolutional codes over the erasure channel was proposed in [LP23].

In this paper, we develop new constructions of MDS mD convolutional
codes of rate 1/n. These constructions rely on the superregularity of certain
matrices and extend known 1D results to the multidimensional setting.

2 Preliminaries

This section introduces the fundamental concepts of mD convolutional codes.
Define the polynomial ring R := Fy[z1, ..., 2m].
Definition 1 ([Wei98]). An mD (finite support) convolutional code C of

rate k/n is a free R-submodule of R™ of rank k. A full row rank matriz

G(z1,...,2m) € RF" whose rows form a basis for C, is called a generator
matrix of C and therefore

C=ImrG(z1,...,2m) = {u(zl,...,zm)G(zl,...,zm) with w(z1,...,2m) € Rk}.



Definition 2 ([Wei98]). A matriz U(zy,...,2n) € R** is unimodu-
lar if there is a matriz V(z1,...,2m) € R¥F such that U(zy,...,2m) -
V(zl,. o yzm) =V(21,. -y 2m) - U(z1, - oy 2m) = Ij.

A matrix U(z1,...,2n) € R¥** is unimodular if and only if its deter-
minant is in F, \ {0} [Wei98]. Two full row rank matrices G1(z1, ..., 2m),
Go(z1,...,2m) € RF*™ are said to be equivalent generator matrices
if they are generator matrices of the same mD convolutional code, i.e.,
if Imp G1(21,...,2m) = ImpGa(z1,...,2yn), which happens if and only if

Gi(z1,...,2m) = U(z1,...,2m)Ga(z1,. .., 2m) for some unimodular matrix
Uzt -, 2m) € RF¥F [Wei98].
Let @ = [a1 .. am] € N™. By z® we mean z{" - ... z%". A polyno-
mial f € R can be written as f(z1,...,2m) = > faz® where f, € F,.
aEeN™
In a similar way a vector w = [w1 - wn] € R™ can be written as w =
> wez® where wy, € Fy.
acN™
Definition 3. The weight of f € R is denoted by wt(f) and is the number
of nonzero terms of f. If w = [w1 - wn| € R™, then the weight of w is given
n
by wt(w) = > wt(wy). Equivalently, if w = ) wa2" where w, € Fy,
j=1 aeN™
then wt(w) = > wt(wg).
aeN™

Definition 4 ([Wei98]). Given two elements w,w € R"™, the (Hamming)
distance between w and W is given by d(w,w) = wt(w — w). The free
distance of an mD convolutional code C C R" is given by dfrec(C) =
min{d(w,w) : w,w € C,w # w}.

The linearity of an mD convolutional code C implies that dyc.(C) =
min{wt(w) : w € C,w # 0}. The (total) degree of a polynomial f =

> faz® € R is given by max{a; + -+ + ay, : fo # 0}. The i-th row
aeN™
degree, v;, of a polynomial matrix G(z1,...,2,) € R™ is defined as the

maximum degree of the entries in its ¢-th row. The external degree of

k
G(z1,...,2m) is the sum of its row degrees, i.e., > v;.
i=1

Definition 5. Let C be an mD convolutional code. The degree of C is
defined as the minimum of the external degrees among all the generator
matrices of C.

The following theorem, presented in [APS25], provides an upper bound
on the distance of mD convolutional codes with rate k/n and degree §,
known as the mD generalized Singleton bound.

Theorem 1. Let C be an mD convolutional code of rate k/n and degree 0.
8 m).
Then dree(C) < n(L’“H ! _ k‘<[%J + 1) +d+ 1.

L2 ]tm!




An mD convolutional code with rate k/n and degree & whose free dis-
tance attains the corresponding mD generalized Singleton bound is called
Maximum Distance Separable (MDS) mD convolutional code.

3 Construction of 1/n MDS multidimensional con-
volutional codes

In this section, we consider mD convolutional codes of rate 1/n and degree
0, and we present constructions of such codes that are MDS. The next defi-
nition defines superregular matrices which will be useful for the construction
of these codes.

Definition 6. A matriz A € IF];X" is superregular if all of its minors (of
all sizes) are nonzero.

Clearly any submatrix of a superregular matrix is also superregular and
that a matrix obtained from a superregular matrix by permutation of rows
is also superregular. The following lemma is well-known.

Lemma 2. Let A € Fi*% with r < s be a superregular matriz. Then, for
any u € Fy \ {0}, we have that wt(uA) > s — wt(u) + 1.

In [LP20] constructions of MDS 1D convolutional codes were presented
g A
using superregular matrices. Given a polynomial matrix G(z) = > G;z' €

=0
F[z]'*", with Gs # 0, let us consider the (§ + 1) x n constant matrix

Go
21 (G(2) = | : |- (1)
Gs

J ,
Theorem 3. [LP20] Let n,§ € N with n > §+ 1 and G(z) = Y. G;z* €
i=0

Flz]'*", with G5 # 0. If ®1(G(z)) is superregular, then G(z) is a generator
matriz of an MDS 1D convolutional code of rate 1/n and degree 0.

The following theorem gives an upper bound on the free distance of 1D
convolutional codes whose generator matrices have specific row degrees, and
provides a condition under which such codes achieve that upper bound.

Theorem 4. Let ¢ € Ny and G;(2) € Fy[2]¥™ with k; €N fori=0,...,0—

Go(2)

1 and Gy(z) € Fy[z]"™ such that G(z) = : € ]F[z](Zﬁ;(lesﬂ)X” is
Gi(2)

the generator matrixz of a convolutional code C, where, for i = 0,1,...,¢,



all row degrees of Gi(z) are equal to v + £ — i for some v € N. Then
dfree(C) <n(v+1).

®1(Go(2))
®1(G1(2)) !

Moreover, let G = . e FLXn where L = Zk‘j(u +4+1-—
®1(Ge(2))

J)+v+1. Ifn>L and G is superreqular, then dfre.(C) = n(v + 1).

Proof. First we observe that for ¢ = 0 the statement of this theorem is
exactly the statement of Theorem 3 and hence, for this proof we can assume
{>1.

Note that the codeword Gy(z) has weight n(rv + 1) which proves that
dfree(C) < n(v 4+ 1). To prove that dfe.(C) = n(v + 1) write G(z) =
GO GWzq ... Gt vt o GUAD v+ where, for j =0,1,...,v,
G has kg + k1 + -+ - + ke—1 + 1 nonzero rows, and for i = 1,2,... .7,

G(V+i) _ I: é(qui)

0 ] with é(u+i) c F’;O'f‘k?l'f‘“'-i-ké—i’ (2)

where all rows of G are nonzero. Set G = 0, for j > v + £. Let us

also write u(z) = > _;cn, w2, with v = u(()i) ugi) ugi) ugi) ,

where ug-l) € F];j, j=0,1,...,/—1and ugz) € F,. Set ul) =0, for j < 0.
Let us prove that w(z) = u(z)G(z) has weight greater or equal than

n(v +1). We can consider without loss of generality that u(®) # 0. For

w(z) = > w;z", let us denote wl,. g = Y7 w;z’, for (r < s). Since G is a

1€Np

superregular matrix and u(?) # 0, we have that w(z) has degree greater or

equal than v.

Case 1: degw(z) = v.

Then, )
wvth) — [ut D O] : -0 3)

Gv+1)
Recall that for j = 0,...,v, all rows of GU) are nonzero and G**+Y has

exactly the last row equal to zero since we can assume £ > 1. After deleting
this zero row, the matrix in (3) is a full row rank submatrix of G since G is
superregular with at least as many columns as rows. Hence, (3) implies that
wWth = ) = ... = () = 0 and ugo) =0forj=0,1,...,£—1. Moreover,
it can be easily seen that u"*? =0 for i > 2, ie, u(z)=[0 -+ 0 7 |
with @ € F,\{0}. Thus, w(z) = @ Gy(z), which has weight n(v + 1).

Case 2: degw(z) = v + ¢ for some i > 1.

GO
Then, w®titl) = [u(l’*”l) NN u(“‘l_e)} = 0, which
G0



implies that

QD) ) — G+ — ) (4)
Moreover, since w9 = 0, for j > 2, it follows that u*+i+79) = 0, for
j > 2, which means that degu(z) = i. Furthermore, for s =0,...,¢0—1

u(i_s) _ [ 0 a(ifs) ] where a(i—s) c Fé-&-kzq—&-...—i—kz_s’ (5)

since GW*1%9) has ko + k1 + - - - + ky_1_, nonzero rows; see (2).
Then, for j =0,1,...,min{i — 1, v},

f[G(v—y)

WD) = [y R 60y it)] :

G(V—i-@)

r Qi) T

Glv—i—1+0)

o G R | AT

G(l;-'re)

A A(v—j+s) o
where G—7+s) = [ g(,,_j+s) ] for s =0,1,...,0— 1, with G¥=9) € F}*"

and GW=i+s) ¢ F((]1+k5—1+---+kg,s)><n'

Gv=9)
Since the number of rows of the matrix ég(;iﬁ;)l) is
Gr+o
-1 J
S U +ker k) + > (ko+- + k)
s=0 =0
-1 J
=> Atk ++k)+ Y (ki+-+ko)
=0 =0
-1
G+Dko+ - +k1+1)+> Atk + - +ku), j<l—1
_ =gl
J
Uko + -+ k1 + 1)+ > (ki+--+ko), j>—1
i=t

where ky = 1 and k; = 0 for ¢ > ¢, there are at least (j+1)(ko+k1+---+
k¢—1+1) nonzero rows which are a submatrix of G. Moreover, deg(u(z)) =i



implies @(") # 0 and thus, by Lemma 2, we have that

wt(w ) > — G+ D) (ko ki +- ke +1)+1 (6)
Case2.1: i >v+1
In this case, (6) is true for j = 0,...,v and we obtain wt(w;,44) =
ZJV':O Wt(w(u—i-i—j)) >n(v+1)— w (ko+ -+ ke +1)+v+1.
Moreover, we have that for t =0, ..., v,
G
w® = [u(t) u(o)] (7)
G

has weight greater than or equal ton — (t + 1)(ko+ k1 +---+ ko1 + 1)+ 1,
due to Lemma 2 and therefore,

(v+1)(v+2)

Wt(w‘[oﬁy]) >nv+1)— 5

(ko+ki+-+ki1+1)+v+1.

In sum, one obtains
wt(w(z2)) = wt(wjo,)) + Wt(wji p1))
>nv+1)+nv+1)—v+D)w+2)(ko+ - +k—1+1)+2(r+1)
>nv+1)+wv+1)v+1—(w+2)+2)>nv+1),

where the third inequality follows from n > Zﬁ;é Eiv+L+1—j)+v+12>

(v +2) ok +v+1.
Case 2.2: i<v+1
In this case, we can use (6) for j =0,...,7 — 1 to obtain

i(i+1)
2

WH(W|[y41,044) = 10— (ko+ ki 4+ ke +1)+i

Case 2.2.1:i<v+landi>¥—1
In this case, using again Lemma 2, we obtain
wt(w®) >n— (t+1)(ko+ ki + -+ key +1)+ 1, for t=0,1,...,i—¢,

For t > i—¢+1, we can exploit that according to (5), for s =0,...,0—1,
the vector u(=%) has (at least) ko + -+ + k¢_s—1 zero components. Hence,
considering again (7) and observing that for ¢ > i — £ + 1, the vectors

uw®, .. w1 are involved in the calculation of w®), we obtain

L—i+t—1

—1
wt(w<t))zn—(t+1)<2ks+1>+1+ Z (6 —i+t—j)k;
5=0 j=0

fort=i—/¢+1,...,7and

wt(w®) > n—(i+1)(ko+ki+- - +ke_1+1)+1+Lho+ (0 — kg +- -+ ko1,



fort=14,i+1,...,v. Therefore,

] 2
wt(w)jo,i—1)) = i — <Z ks + 1) +i+ Z J ks )k'é—l—j»

wt(w|,]) Zn(y—l-f—l)—(V—Z—i-1)(z+1)(k0+k1+-~+kg_1—|-1)+
+v—i+1+w—i+1)(lko+ (€ —1)ki+ -+ ke_q).

{—1
Thus, since n > L = ij(u+€+ 1—j)+v+1, we have that
=0

wi(w(2)) = wt(wjjo,0)) + WH(wj[41,044)

>nv+1)4+ni—(i+1)(v+1) (Zk0+1)

-1
1 2
+rv+1+i+ ((‘7+>2(J+)+(j+1)(u—z’+1)) ke—1—j
7=0
= G+1)0G+2)
n(v+1) + <i(£—j—1)+‘72‘7+j(y—i+1)> koo1_;
=0
>n(v+1).
Case2.2.2: i<v+landi</l-—1
G(l/+1)
In this case, we have that w® i+l = [ MO C) ] : =0
Gv+it1)
implies that u(z) = [0 -+ 0 a(z) | with a(z) € Fylz]fe-itFhe1tl
Gg_i(z)
and therefore w(z) = u(z) : . Setting ¢ = i and l;:j = kjyo—; for
Go(2)
j =0,...,4, i.e. in particular ¢ > i, brings us into the situation of Case
2.2.1. Hence, we obtain wt(w(z) > n(v + 1). O

Let us now consider m-dimensional convolutional codes. Next, we intro-
duce the following technical lemmas, which will be used in the proof of the
subsequent theorem. The second of these lemmas is also known as hockey
stick identity.

Lemma 5 ([Ros02]). Let m,v € N and S = {(i1,42,...,%m) : 0 < iy +i2 +
“+im < v}. Then #S = ”+m)'.

vim!

Lemma 6 ([ALPS26]). Let m,v € N. Then U3 = So b iy



p A
Given a polynomial matrix G(z1, 22,...,2m) = »_ Gi(21,- .., 2m—1)zh, €
i=0
RY " with G, (21,...,2m-1) # 0, let us define the constant matrix

D 1(Go(21y -y 2Zm—1))

Pr1(Gi(z1, .- 2m-1))
D, (G(21,22,.-,2m)) = : , for m > 2,

@mfl(Gu(zl, ceey mel))
with ®1(Gi(21)) as defined in (1).

Go(z1,- -y 2m)
Theorem 7. Let G(z1,...,2m) = : € R(Fotthke_1+1)xn
Go(z1, .-y 2m)
be a generator matrix of an mD convolutional code C, with Go(z1,...,2zm) €
RFoX? Gy(z1,...,2m) € RFV™ . Gy_1(21,...,2m) € RF-—1%",
Go(z1,22,. .., 2m) € RY™ of degrees vg > v > -+ > vy_q1 > vy, respectively.
Then, dfree(C) < n% Moreover, if n > ko(vo + 1) + ki(v1 +1) +

vt ko1 (ve_141) Fve+ 1 and ,(G (21, 22, . .., 2m)) is superregular, then
dfrec(C) = ntm)

vylm!
Go(z1,- -+, 2m)
Proof. Let w(z1,...,2m) = [0 ... 0 1] = Go(z1,-.-,2m). By
Gg(zl, sy Zm)
Lemma 5, dfrec(C) < wWt(Ge(21,...,2m)) < n - #Supp(Ge(z1, .- o Zm)) =
(Vlf;m)!, where the support of G(21,...,2m) = >,  Giy. izt 2im €
ilr--vimEN
R™ is Supp(G(z1,...,2m)) = {(i1,92,...,im) € N™ : Gy, 4y, i, # 0}. Let
us assume that ®,,(G(z1,...,2y,)) is superregular and let us prove that
_ (et m)!
dfree(C) = ”W (8)

by induction. By Theorem 4, (8) is valid for m = 1. Let us now consider
that (8) is valid for m — 1, i.e., let us consider as induction hypothesis that

éo(zl, ey mel)
if G(z1,. .0y 2me1) = : €T, [21,- -, 2m_1] > is a gen-
GZ(Zl,...,mel) B .
erator matrix of an (m — 1)D convolutional code C, with Go(z1, ..., 2m-1),
Gi(z1,-- -y 2m=1), -+, Gg(21,...,2m—1) of degrees g > 0y > -+ > Dy >

-1
vy, respectively, and ®,,—1(G(z1,...,2y)) is superregular, then dfme(é) =
ni(j:,?;njll))s Write

G(z1,. -y 2m) = G(O)(zl, ey Zm—1) + G(l)(zl, ey Zme1)Zm
+GY (21, )2 4+ GO (21, 1) 2.



Note that G (2, ..., zyn_1) has row degrees vy —i,v1 —1, ..., vy —i, for

i=0,...,vp Let us consider u(z1, ..., z,) € RFMN\{0} and write

w(z1, ..oy 2m)

= u(o)(zl, ceeyZm—1) + u(l)(zl7 ey Zm—1)Zm o+ u(t)(zl, ey Zme1)2h
for some t € N. Let w(z1,...,2m) = u(z1,...,2m)G(21,...,2m), and let us
prove that wt(w(z1,22,...,2m)) >n (l;‘;—:_g)'

Without loss of generality, we assume u(©(z,..., zp_1) # 0. Write
w(z1, 22, ..y 2m) = Sow® (21, ..., 2m_1) 2%, where, for i = 0,1,..., 1,
€N

w(i)(zb cee Zm—l)

G(O) (Zb SRR mel)
= [u(i)(zl’...,zm_l) u(O)(zl,...,zm_l)} X Zms

G(i)(zl, ey Zm—1)

As @,,,(G(z1,- -+, zm)) is superregular, all matrices ®,,,—1 ([G© (z1,..,2m-1)]),

G(O) G(O) (Zlv”-vzm—l)
B ([E0GC - 0]), L ([ | ]) e sl

G<”Z>(zl;...,zm,1)

. (0) GO (21,02 —1)

perregular. Moreover, the matrices G\Y (21, ..., 2m-1), G SIREEE
Z1se+52m—1

G(O) (Zlv-wszl)

: ] have the last row of degrees vy, vy — 1,...,0, respectively,
G(UZ)(Zl,...,Zm_l)
and the remaining rows of each matrix have higher degree than their last row.

Thus, by induction hypothesis, wt(w® (z1,...,zn_1)) > n%, 1=
0,1,...,vp. Therefore, by Lemma 6, wt(w(z1,...,2m)) > n% O

The next theorem follows immediately from Theorem 7 and it gives a
condition for the existence (and construction) of MDS mD convolutional
codes of rate %

Theorem 8. Let G(z1,...,2y,) € RY™ with row degree equal to § and
n > 0+1, such that ©,,(G(21,...,2m)) is superreqular. Then G(z1,...,2zm)
is a generator matriz of an MDS mD convolutional code of rate 1/n and
degree §.

Finally, note that the existence of such codes is closely related to the
existence of the superregular matrices introduced above.

Moreover, note that with the help of Theorem 7 one can also construct
MDS mD convolutional codes of general rate k/n and degree 6 = kv +k —1
with specific requirements on the row degrees, see Theorem 3.8 of [ALPS26].
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