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Abstract

The concatenated structure of quasi-cyclic codes allows us to deter-
mine the maximal quasi-cyclic subcodes and the minimal quasi-cyclic
supercodes of a given quasi-cyclic code. We show that such subcodes
and supercodes are obtained by the maximal subcodes and minimal
supercodes of the constituent codes. We include the case of repeated
roots. Our randomized search on the constituent codes yields many
new parameters improving the best-known ones.
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1 Preliminaries

In this section, we follow the notation in [5]. Let Fy be the finite field with
q elements, where ¢ is a prime power. Let m and ¢ be two positive integers.
A linear code C' of length m{ over Fy is called a quasi-cyclic (QC) code of
index ¢ if it is invariant under the cyclic shift of codewords by ¢ positions
and £ is the minimal number with this property. Note that, if £ = 1, then
C'is a cyclic code. If we view codewords of C' as m x £ arrays as

€0 ---  Coe—1

Cm—1,0 --- Cm—10-1
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then being invariant under the cyclic shift by ¢ units corresponds to being
closed under the row shift, where each row is moved downward one row and
the bottom row moved to the top.

We consider the principal ideal I = (2™ — 1) of F4[z] and define the
quotient ring R := Fy[x]/I. If T represents the shift-by-1 operator on anz ,
then its action on v € FZI"Z will be denoted by T - v. Hence, IF"q”e has an
[Fy[z]-module structure given by the multiplication

Fylz] x F* — T

(a(z),v) — a(T-v.

Note that, for a(z) = 2™ — 1, we have a(T%) - v = (T™) - v — v = 0. Hence,
the ideal I annihilates F qmg and we can view IE‘;”Z as an R-module. Therefore,
a QC code C' C ]F;”Z of index £ is an R-submodule of IF;”Z .
To an element ¢ € ]F’qnxe ~F ;”e as in , we associate an element of
R’ as
c(z) == (co(x), c1(2), ..., com1(x)) € R,

where, for each 0 < j < /¢ —1,
cj(x) =co, +C1,5T + 627]‘1‘2 +---+ Cm_17jxm71 € R.
Therefore, the following map is an R-module isomorphism:

¢: Fmé — R
€0,0 e C()’g_l
: : (1.2)

Cm—-1,0 --- Cm—14-1

Observe that the T*-shift on FZM corresponds to the componentwise multi-
plication by z in R’. Therefore, a g-ary QC code C' of length m/¢ and index
¢ can be considered as an R-submodule in R

We now describe the decomposition of a QC code over [, into shorter
codes over extension fields of F,. We refer the reader to [6l (0] for details.
From this point forward, we assume that ged(m, ) = 1. Let the polynomial
™ — 1 factor into irreducible polynomials in F[z] as

2™ 1= fi(2)fol@)... fo(a). (13)

Since m is relatively prime to ¢, there are no repeating factors in (|1.3]).
By the Chinese Remainder Theorem (CRT), we have the following ring
isomorphism:

R= PF, [/ (f(@)) (14)



As each f;(x) divides 2™ — 1, its roots are powers of some fixed primitive
m-th root of unity, say £, in an extension field of F,. For eachi =1,2,...,s,
let u; be the smallest nonnegative integer such that f;(£%) = 0. Since each
fi(z) is irreducible, the direct summands in are isomorphic to field
extensions of F,. If E; := Fy[z]/(fi(x)), for 1 <1i < s, then we have

R = Ei&- - &K
a(x) = (a("),...,a(™)). (1.5)

This implies that
R'=E{ o . -0E.L

Hence, a QC code C' C R’ can be viewed as an (E; @ - - - @ E,)-submodule
of ¢ @ --- @ E% and decomposes as

C2Ci @ ®C,, (1.6)

where C; is a linear code of length ¢ over E;, for each ¢ = 1,2,...,s. These
length ¢ linear codes over various extensions of IF, are called the constituents
of C. Let C C R be generated as an R-module by

{(ar0(z),...,a10-1(2)), ..., (aro(®),...,ari—1(z))} C R

Then, for 1 <17 < s, we have

C; = Span]Ei{(ab@(f“i), e ab7g_1(§“i)) :1<b < ’I“}. (1.7)

We note that each extension field E; above is isomorphic to a minimal
cyclic code of length m over F,, namely, the cyclic code whose check poly-
nomial is f;(z). If we denote by 6; the generating primitive idempotent for
the minimal cyclic code in consideration, then the isomorphism is given by
the maps

©; - <0,> — Ei m—
a(z) +—— a(&™) and d — Zl apzk (1.8)
k=0

where )
_ —ku;
ay = mTl"lEi/qu (66774).

Here, Trg, /r, denotes the trace map from E; onto Fy. If [E; : Fy] = ey,
then Trg, jr (v) =z + 29+ -+ 297" If C; is a length ¢ linear code over
[E;, we denote its concatenation with (#;) by (6;)JC; and the concatenation
is carried out by the map 1;, extended to Ef . In other words, 1; is applied
to each symbol of the codeword in C; to produce an element of (6;)¢.

Jensen gave the following concatenated description for QC codes.



Theorem 1.1 ([7]).

i. Let C be an R-submodule of R’ (i.e., a QC code). Then for some
subset T of {1,...,s}, there exist linear codes C; of length ¢ over E;,
which can be explicitly described, such that

C = iv)ac.. (1.9)

1€

ii. Conversely, let C; be a linear code in E¢, for each i € T C {1,...,s}.
Then,

C = P:)0c;
i€l
s a g-ary QC code of length mf and index £.

It was shown in [6], Theorem 4.1] that, for a given QC code C, its con-
stituents C; in (1.6) and the outer codes C; in the concatenated structure
of Theorem are equal to each other.

2 Subcodes and Supercodes of Quasi-Cyclic Codes

Given a QC code C of length mf and index ¢ with the concatenated structure
given in Theorem above, let C’ be another QC code of the same length
and index such that

C' = P:)0oc;, (2.1)

€T’
where 7' C {1,...,s}. Then, the following is easy to observe.

Proposition 2.1. Given two QC codes C and C' of length mf and index
£ with the concatenated structures as in and , then C" is a QC-
subcode of C' if and only if T C T and C] C C; for all i € I'. Conversely,
C" is a QC-supercode of C if and only if T CT' and C; C C] for alli € T.

We are now ready to define maximal subcodes and minimal supercodes.

Definition 2.2. Assume that C' and C” are two QC codes of length m¢ and
index ¢ with the concatenated structures as in and . Allowing
dim(C;) = 0, we can without loss of generality assume Z = Z’. Then C’
is a maximal QC-subcode (minimal QC-supercode) of C if C! C C; and
dim(C}) = dim(C;) — 1 (C; € €} and dim(C)) = dim(C;) + 1), for some
i€Z,and C; =Cj, forall j € Z,j # 1.

Assuming the notation in Section |1| above, we set ¢; = [E; : Fy| =

deg(fi(x)) = dim((6;)). Observe that Theorem [I.1} and (1.8)) imply



m = Z e; and dim(C) = Zei - dim(C;). (2.2)

i=1 icZ
Comparing the dimension of C' with the dimension of its maximal QC-
subcode or minimal QC-supercode C’, we obtain the following.

Proposition 2.3. Given two QC codes C and C' of length m{ and index
¢ such that C' is a maximal QC-subcode (minimal QC-supercode) of C, we
have dim(C") = dim(C) — ¢; (dim(C") = dim(C) + ¢;), for some i € L.

Note that, for all i € {1,...,s}, we always have 1 <e; <m — 1 and the
least possible value e; = 1 is attained by the factor x — 1 of ™ — 1.

3 The Case of Repeated Roots

Now assume that C' is quasi-cyclic code of length m¢ and index ¢ over F,
with ged(q,m) = p%, a > 0. Then m = p®m’ with ged(m’,q) = 1. The
polynomial 2™ — 1 has the factorization

a

2™ —1= (2™ — 1), (3.1)

Similar as in (1.3]), we consider the factorization

2 1= fi(2)fala) ... fi(2) (3.2)

into irreducible factors. By the Chinese Remainder Theorem (CRT), we
have the following ring isomorphism:

Fyla] /(@™ — 1) = Fy[2]/((@™ — 1)"") = @ Fyla]/{fi(@)""). (3-3)
=1

As above, we define E; = F,[z]/(fi(x)). From eq. (6) in [9], we obtain an
isomorphism between F,[x]/{f;(z)P") and S; := E;[v]/(vP") given by

Q;:x— (1 —v), (3.4)

where £ is a primitive m/-th root of unity and f;(¢“) = 0. The map ®P;
extends to the full ring Fy[z]/(z™ — 1).

Similar to , a quasi-cyclic code C of length mf and index ¢ over [,
with ged(q, m) = p® decomposes as

C=C16-- a0, (3.5)

where C; is a linear code of length ¢ over E;[v]/(vP"), for each i = 1,2,...,s.

Theorem 6.2 in [9] provides a somewhat involved trace description similar
to the map v; in . This allows to embed each of the summands Cj; in
into the code C. Here we present an alternative approach, directly
inverting the map ®;.



Lemma 3.1. The inverse of the map ®; in (3.4) is given by ¥; which maps
S (3.6)

and &% PP, (3.7)
where is such that EYP"H = €% j.e., 1 is the inverse of p* modulo m/'.

Proof. First recall that £ is an m’-th root of unity, which implies that we
can choose pu as specified. The preimage of v is given in [9] after eq. (6).
There it is also noted that the exponent 1 — p*u can be taken modulo m,
and hence one obtains a polynomial. Applying this partial map to the right
hand side of , we obtain £%z!7P"#. Since we want this to be equal to
x, we have to map £"/, the generator of E; = F,(£"+), to P ]

Applying the map ¥; componentwise to the codes C; in (3.5)), we obtain
codes over Fy[z]/(fi(z)?"). In order to invert the CRT decomposition in
(3-3), the image of W, is multiplied by g;(z)h;(z) where g;(z) := [Tz fi(x)P"
and h;(z) is the inverse of g;(x) modulo f;(x)P".

It remains to study the structure of the lattice of codes over the chain
ring S; := E;[v]/(vP"). As E;-vector space, we can identify S; with E? ‘ using

p?—1
b(v) = Y bjvd = (bo,ba, ..., bya_1). (3.8)
j=0

This can be extended to an E;-isomorphism between Sf and Efp a, where we
group the coefficients according to the degree of v. B
Expanding an S;-linear code C of length ¢, we obtain a code C over E; of
length ¢p®. Multiplication by v over S; corresponds to shifting the expanded
vector by £ positions to the right without wrap-around, i.e., leading positions
are filled with zeros. A generator matrix for the code over E; has the form

Gii1 Gig Giz -+ Gipe
0 Gii1 Gig -+ Gipe
0 Gaa2 G2z -+ Gape
0 0 Gi1 - Gipes
0 0 Gaos -+ Gope
0 0 Gsg - Gy 59)
0 0 0 - Gus
0 0 0 - Gos
0 0 O A Gpa’pa
Each matrix G;, has £ columns. The matrices G ; for j = 1,...,p" have

full rank. Every block between horizontal lines is repeated in the next block



shifted by ¢ positions to the right, filling the leading positions with zeros.
We denote this shift operation, which corresponds to the multiplication with
v, by shift,. New generators can be added to every block.

Proposition 3.2. Let C C S! be a linear code over S; := E;[v]/(vP"), i.e.,
an Si-module. For a vector'y € St with 'y ¢ C, the code C' = (C.y)s, is a
minimal supercode of C if and only if vy € C.

Proof. Consider the code C" = (C,vy)s,. Clearly, C C C"” C (', since
vy € C' as C' is an S;-module. Moreover, y ¢ C”. If vy ¢ C, both
inclusions are strict, i.e., C C C” C (', and hence C’ is not a minimal
supercode of C. When vy € C, then dimg, (C") = 1 + dimg, (C), i.e, C' is a

minimal supercode. O

In order to find all minimal supercodes of an S;-linear code C' of length
¢, we consider its representation as a code C’ of length ¢p® over E;. We
compute an E;-vector space complement V of C' in }EZp e, CaV = ]Eep

We take only those non-zero vectors y € V for which the shift by ¢ positions
is contained C. A basis for those vectors can be computed from CNishifty (V).

Corollary 3.3. Let C C S! be a linear code over S; := E;[v]/(vP"), i. e., an
Si-module. Assume that C = C' @ (y). The code C'" is a mazimal subcode
of C if and only if vy € C" and'y ¢ shift,(C).

In order to find all maximal subcodes of an .S;-linear code C of length /,
using Corollary requires to compute the decomposition C' = C’' & (y) for
every vector y € C'\ shifty(C). Instead, we can consider the dual of minimal
supercodes of the dual code C*.

Example 3.4. We illustrate the construction of minimal supercodes start-
ing with a distance-optimal quasi-cyclic ternary code C' = [24,9,10]3 with
index ¢ = 2 and co-index m = 12 = 4 x 3!. This is a one-generator code
generated by

(91,92) = (B + 2% o+ Lot + 210+ 2% — 2% — 27 +2° — 23 + 2%). (3.10)
The polynomial z'2 — 1 factors as
21 (o - 1+ 12+ 1)° = fi(2) fa(@) fo(a).
Reducing the generators in modulo f;(x) we obtain

(2 + z, 22 + 2),
($2 +r— 17*1‘2)7
(P4 22+ 241, -zt + 25 — 22+ 1)



With respect to the maps ®; we obtain the following generators of the con-
stituent codes C; of length 2 over S; = E;/(v3)

(v? — v, v —v),
(02 +1,—v? —v—1),
(—v? 4 wiv,v? + W),
where w € Fyg is a root of 2 — x — 1. The fields are E; = E5 = F3 and

Es = Fg9. Expanding these codes over S; as codes of length 6 over E; we
obtain the generator matrices

~ (00 -1 -1 1 1
G1<00 0 0 -1 —1)’
1 -10 -1 1 -1

0 0 1 -1 0 -1},
00 0 0 1 —1

Generator matrices of minimal supercodes as in the proof of Proposition
have the following form:

B 00 -1 -1 1 1 (-1 -1 11 oy g
Gi=(oo 0o o -1 -1|, G{y=10 0 -1 -1 1 1],
00 0 0 0 1) 0 0 0 0 -1 -1
1 -10 -11 -1
~ |00 1 -10 -1
“=10000 1 1]
00000 1)
N 00 wd w -1 1 N /w3 wdi =1 1 2z 22\
Gy=100 0 0 w w], 5=10 0 ¥ ¥ -1 1],
000 0 0 1)/ 0 0 0 0 w? W
(3.11)

with y1,y2 € F3 and 21,20 € Fy. ;Fhe horizontal line separates the new
generator from the original matrix G;. Note that using the last row of Gf
and G/ , respectively, one can set y; = 0 and z; = 0. Hence there are in
total (1+3)+ 1+ (1+9) = 15 different minimal supercodes. The resulting
quasi-cyclic minimal supercodes are mutually non-isomorphic. There are 12
one-generator codes with parameters [24, 10, 8|3, [24,11, 6|3, [24, 11, 7]3, and
[24, 11, 8]3. The remaining 3 codes are two-generator codes with parameters
[24,10,6]3 and [24,11,6]3. These codes corresponds to the matrices G in
(13.11]).



4 New Codes

4.1 New Quasi-Cyclic Codes

In this subsection, we present some new quasi-cyclic codes with improved
minimum distance obtained by the methods described in Section [2] above.
Namely, a search is carried out on subcodes and supercodes of a chosen
constituent of some randomly generated QC code by using the computer
algebra system MAGMA [2] and we verified the parameters of the new codes.

So far, we have found 70 new codes over F3, 71 codes over Fy4, 6 codes
over Fs, 6 codes over [F7, 12 codes over Fg, and 9 codes over [Fy.

The codes over F,4 include quasi-cyclic codes of length 130 and index 2
with parameters [130, 22, 63]4, [130, 30, 56]4, [130, 34, 52]4, [130, 36, 50]4 (two-
generator code), [130,37,49]4, [130, 38, 48]4, and [130, 40, 46]4. These codes
have sub- and supercodes with good parameters and will be used to construct
additional new codes in the next subsections.

4.2 New Codes via Construction X and Variants

Similar as in [4], we use the lattice of quasi-cyclic codes to search for in-
gredients for Construction X and variations. Note that the subcodes and
supercodes in [4] were derived from the polynomial description of quasi-cyclic
codes, which results in a coarse grained lattice.

First we recall Construction X (see [11, Ch. 18, §7.1]):

Proposition 4.1 (Construction X). Given a code Cy = [n,k1,d2]q, a sub-
code Cy C Cp with parameters Co = [n, ko, do)q, and an auziliary code
Cs = [0, k1 — ka2, ds]q, there is a code C with parameters C = [n+n', ky,d],
with d > min(dy + ds, da).

From nested quasi-cyclic codes of length 130 and index 2 over Fj we
obtain the new codes shown in Table [Tl
Alltop [1] proposed the following variation of Construction X:

Proposition 4.2 (Construction XX). Given C1 = [n, k1, d2], with sub-

codes Cy and Cy with parameters Cy = [n,ka,ds]q and Cs = [n, k3, ds]q,
respectively, let Cy = Co N C3 with parameters Cy = [n,ka,ds]q. Us-
ing auziliary codes Dip = [0,k — ko, d'lq and Diz = [n", k1 — k3,d"]q,

there is a code C with parameters C = [n 4+ n' + n” ki,d], with d >
min{d1 +d +d",do+d" ds+d, d4}.
Again using nested quasi-cyclic codes of length 130 and index 2 over Fy,

we obtained the new codes shown in Table 21

Remark 4.3. The methods presented here can also be applied to quasi-
twisted codes [3]. More precisely, using the concatenated description of
quasi-twisted codes given in [§], we determine their maximal subcodes and



minimal supercodes in terms of their constituents. Then, our findings can
be used as ingredients for Construction X and its variants.

Table 1: New codes obtained via Construction X applied to quasi-cyclic
codes of length 130.

c C Co Cs
[132,22,64], | [130,22,63]s [130,20,64]; [2,2,1]4
[132,34,52]4 | [130,34,51]s [130,32,52]s [2,2,1]4
[133,20,68]4 | [130,20,66]s [130,18,68]s [3,2,2]4
[133,32,54]4 | [130,32,52] [130,30,54]s [3,2,2]4
[134,22,66]4 | [130,22,63]s [130,20,66]4 [4,2,3]s
[134,34,54]4 | [130,34,51], [130,32,54], [4,2,3]4
[134,36,51]4 | [130,36,48]s [130,34,51], [4,2,3]4
[135,16,75]4 | [130,16,71]s [130,14,76s  [5,2,4]4
[137,32,56]4 | [130,32,54], [130,26,58]s [7,6,2]4
[137,37,51]4 | [130,37,49]s [130,31,54], [7,6,2]4
[137,40,48]4 | [130,40,46]1 [130,34,50]s [7,6,2]4
[138,36,52]4 | [130,36,48]s [130,32,52], [8,4,4]4
(140,32, 584 | [130,32,54]4 [130,26,58]s [10,6,4]4
[140,40,50]4 | [130,40,46]4 [130,34,50]4 [10,6,4]4
[141,33,57]4 | [130,33,52]s [130,27,57]s [11,6,5)4
[141,37,54]4 | [130,37,49]s [130,31,54], [11,6,5]4
[145,34,58]4 | [130,34,52]4 [130,26,58]s [15,8,6]

Table 2: New codes obtained via Construction XX applied to quasi-cyclic

codes of length 130.

C Cl Cz Cg C4 Do D13
[136, 22, 67]4 | [130, 22, 63]5 [130,20,64]; [130,20,66]: [130,18,68]4|[2,2, 12 [4,2, 3]s
(136, 36,524 | [130, 36,484 [130,34,49]s [130,34,51], [130,32,52]4 [[2,2,1]s [4,2,3]s
(138,22, 68] | [130,22,63]4 [130,20,64] [130,20,66]s [130,18,68]4|[3,3,24 [5,2,4]4
(143,35, 56]4 | [130, 35,504 [130,29,52]4 [130,32,54]s [130,26,56]4|[7,6,2]s [6,3,4]4
[144, 34, 58] | [130, 34, 51]4 [130,32,54]4 [130,28,56]4 [130,26,58]4 |[4,2,3]s [10,6,4]s
(146,33, 59]4 | [130,33,51]4 [130,30,54]4 [130,27,56]s [130,24,59]4|[5,3,3]s [12,6,6]4
(150, 35,604 | [130,35,50]4 [130,33,52]4 [130,27,58]s [130,25,60]4 |[3,2,2]s [17,8,8]4
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