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Abstract

An important family of algebraic codes that is closely related to
quasi-cyclic codes is additive cyclic codes. Using different representa-
tions, we investigate the Schur product of additive cyclic codes and
explore their algebraic properties within this framework. In particu-
lar, we provide a study of an explicit polynomial generator matrix of
the Schur product for additive cyclic codes of index 2 and 3, and then
extend this study to arbitrary index, in terms of trace representation.
Furthermore, we examine the distance properties of the Schur product
of additive cyclic codes, extending BCH, HT and Hasse-Weil bounds
known for cyclic codes.

Key Words : Additive cyclic codes, Schur product, BCH bound, HT
bound, Hasse-Weil bound.

1 Preliminaries

Let q be a prime power and let Fq be the finite field with q elements. A linear
code C is a subspace of Fm

q , where m ≥ 1. C has length m and dimension
k, if dimFq(C) = k ≤ m. The minimum distance of C is denoted by d =
d(C), which is the minimum nonzero weight among its codewords. That is,
d(C) = min {wt(c) : c ∈ C \ {0}} with wt(c) = {i ∈ {0, . . . ,m− 1} : ci ̸= 0}.

Let m ≥ 1 be a positive integer such that gcd(m, q) = 1 from this point
on. Let r be the smallest integer satisfying qr ≡ 1 mod m and let Fqr be the
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extension of Fq such that Fqr = Fq(ξ), where ξ ∈ Fqr is a primitive mth root
of unity (i.e., Fqr is the splitting field of xm−1 over Fq). Let C be an [m, k]q-
linear code over Fq (i.e., C is a k-dimensional subspace of Fm

q ). The elements
of C are the codewords c = (c0, c1, . . . , cm−1). An [m, k]q-linear code C is
a cyclic code if c = (c0, c1, . . . , cm−1) ∈ C implies (cm−1, c0, c1, . . . , cm−2) ∈
C. Let R := Fq[x]/⟨xm − 1⟩ and g(x) ∈ R be the generator polynomial
of the [m, k]q-cyclic code C with deg(g(x)) = m − k. So, C = ⟨g(x)⟩ is
an ideal in R and C⊥ = ⟨h∗(x)⟩, where h(x) = xm−1

g(x) is a parity-check

polynomial and its reciprocal is h∗(x) = xkh
(
1
x

)
. The q-cyclotomic coset of

ξj is
[
ξj
]
=

{
ξj , ξqj , . . . , ξq

r−1j
}

for any positive integer j. Let w, p, d, s be

positive integers, we now set some notation:

� zero set of C: Z(C) =
{
ξj ∈ Fqr : g(ξj) = 0

}
=

{
ξj1 , . . . , ξjw

}
,

� defining set of C: J = {j1, . . . , jw},

� generating set of C: I = Ωm \ J , where Ωm = {0, 1, . . . ,m− 1},

� zero set of C⊥: Z(C⊥) =
{
ξi ∈ Fqr : h∗(ξi) = 0

}
=

{
ξi1 , . . . , ξip

}
.

Theorem 1.1. Let C be an [m, k]q-cyclic code over Fq and ξ be the primitive

mth root of unity, ξ ∈ Fqr and gcd(m, q) = 1. Assume that the defining set of
C is J = {j1, . . . , jw} and the generating set of C is I = Ωm\J = {i1, . . . , it}.
Then the defining set of C⊥ is −I = {−i1, . . . ,−it} = {m− i : i ∈ I}.

Now let us set the notion of defining set bounds. A nonempty subset E ⊆ Ωm

is said to be consecutive if there exist integers e, λ and δ with e ≥ 0, δ ≥
2, λ ≥ 1 and gcd(m,λ) = 1 such that E = {e+ zλ : 0 ≤ z ≤ δ − 2} ⊆ Ωm.

Let P(Ωm) be the power set of Ωm. Note that any nonempty P ∈ P(Ωm)
is the defining set of some cyclic code DP ⊆ Fm

qr since xm−1 splits over Fqr .
Let C be a cyclic code of length m over some subfield of Fqr with nonempty
defining set J , then for any nonempty P ⊆ J , C is a subfield subcode of DP

and we have d(C) ≥ d(DP ). We define a defining set bound to be member
of the collection B(C) := {(P, dP ) : ∅ ̸= P ⊆ J} ⊆ P(Ωm) × N so that
P ⊆ J implies d(C) ≥ d(DP ) ≥ dP , for any (P, dP ) ∈ B(C). Note that for
any nonempty P ⊆ J , we have (P, dP ) ∈ B(C). We set the well-known BCH
bound [BRC60], [Hoc59] as

BCH(C) = {(E, |E|+ 1) ∈ B(C) : E ⊆ J is consecutive} .

Similarly, we formulate the HT bound [HT72] as

HT(C) = {(D, δ + s) ∈ B(C) : D ⊆ J} ,

where D = {e+ zλ1 + yλ2 : 0 ≤ z ≤ δ − 2, 0 ≤ y ≤ s} for integers e ≥ 0,
δ ≥ 2, s ≥ 1, λ1 ≥ 1 and λ2 ≥ 1 such that gcd(m,λ1) = 1, gcd(m,λ2) < δ.

Using the defining set of the dual of a given cyclic code, we can represent
any cyclic code as an evaluation code as follows.
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Theorem 1.2. [Cas18, Lemma 4] Let C be an [m, k]q-cyclic code over Fq,
where gcd(m, q) = 1. Then B(−I)|Fq

= B(−I) ∩ Fm
q = C such that

B(−I) =

(
f(1), f(ξ), . . . , f(ξm−1)

)
: f(x) ∈ Fqr [x], f(x) =

∑
j∈−I

fjx
j


=


∑

j∈−I

fjξ
ij


0≤i≤m−1

: fj ∈ Fqr , ∀j

 .

Given two vectors u = (u0, . . . , um−1), v = (v0, . . . , vm−1) ∈ Fm
q , we

define their Schur product, denoted by u ⋆ v, as u ⋆ v = (u0 · v0, . . . , um−1 ·
vm−1). In the polynomial representation over R, let u(x) =

∑
i∈Ω uix

i

and v(x) =
∑

i∈Ω vix
i, then u(x) ⋆ v(x) =

∑
i∈Ω uivix

i. If C1 and C2 are
two linear codes of the same length over the same field, then their Schur
product is C1 ⋆ C2 := spanFq

{c1 ⋆ c2 : c1 ∈ C1, c2 ∈ C2}. If G1 and G2 are
generator matrices of C1 and C2 with k1 and k2 rows, respectively, then
C1 ⋆ C2 = spanFq

{ri ⋆ sj : 1 ≤ i ≤ k1, 1 ≤ j ≤ k2} so that ri and sj denote

the ith and jth rows of G1 and G2, respectively.
For cyclic code pairs, we have the following result.

Theorem 1.3. [Cas18, Theorem 1] Assume that gcd(m, q) = 1 and that C1
and C2 are two cyclic codes of length m over Fq with generating sets I1 and
I2, respectively. Let

B(−I1) =


 ∑

j1∈−I1

fj1ξ
ij1


0≤i≤m−1

: fj1 ∈ Fqr , ∀j1

 ,

B(−I2) =


 ∑

j2∈−I2

gj2ξ
ij2


0≤i≤m−1

: gj2 ∈ Fqr , ∀j2

 .

Then, B(−(I1 + I2))|Fq
= C1 ⋆C2, where I1+I2 = {i1 + i2 : i1 ∈ I1, i2 ∈ I2}.

We now generalize [Cas18, Definition 10] as follows. Given any P ∈
P(Ωm), the amplitude of P will be denoted by amp(P ) and it is defined as

amp(P ) := min {|E| : P ⊆ E and E is consecutive} .

In other words, amp(P ) is the size of the smallest consecutive set in Ωm

that contains P . Note that, if amp(I) = |E| such that I is the generating
set of the cyclic code C, for some consecutive set E ⊆ Ωm, then Ωm \ E is
the largest consecutive set contained in its defining set J . Hence, we have
(E,m− amp(I) + 1) ∈ BCH(C). We reformulate [Cas18, Theorem 2] as,
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Theorem 1.4. Let C = B(−I)|Fq
be a cyclic code with generating set I.

Then

1. dimFq(C) = |I| and dimFq(C ⋆ C) = |I + I|.

2. d(C) ≥ m− amp(I) + 1 and d(C ⋆ C) ≥ m− amp(I + I) + 1.

The above theorem is a direct result of Theorem 1.3 and the BCH bound.
Now we adopt a different notation than above, so that we are consistent

with the works [Bie02], [GÖÖ17], [SLÖS22] and [SCÖ25].
Let Fqr be the extension of the finite field Fq, where r is a positive integer.

Let n|qr−1 and A = {i1, . . . , is} ⊆ Z/nZ be arbitrary. Let α be a generator
of the subgroup of order n in Fqr , say W = {α0, . . . , αn−1}. Define the space
of polynomials P (A) as

P (A) :=
{
a1x

i1 + · · ·+ asx
is : a1, . . . , as ∈ Fqr

}
and

B(A) :=
{
(f(α0), . . . , f(αn−1)) : f(x) ∈ P (A)

}
⊂ Fn

qr .

Let m ≤ r be a positive integer and τ = {γ1, . . . , γm} be a Fq-linearly
independent subset of Fqr . Let ϕτ be a surjective Fq-linear map from Fqr

to Fm
q such that ϕτ (x) := (Tr(γ1x), . . . ,Tr(γmx)) where Tr is the trace map

from Fqr to Fq. Then,

ϕτ (B(A)) =
{
ϕτ (f(α

0), . . . , f(αn−1)) : f(x) ∈ P (A)
}
⊂ Fmn

q

=
{(

Tr(γ1f(α
0)), . . . ,Tr(γmf(α0)), . . . ,

Tr(γ1f(α
n−1)), . . . ,Tr(γmf(αn−1))

)
: f(x) ∈ P (A)

}
, (1.1)

is an additive cyclic code of length n over Fm
q [GÖÖ17].

In [GÖÖ17], a lower bound on the minimum distance of certain additive
cyclic codes was proven. To describe this bound, we let C = ϕτ (B(A)),
n = qr − 1 and each ij ≥ 1 for ij ∈ A. We define,

V := {x ∈ Fqr : Tr(γ1x) = · · · = Tr(γmx) = 0} ,

which is an Fq-linear subspace of Fqr of dimension r−m. Then there exists

a uniquely determined monic q-additive polynomial F (y) =
∑m

i=0 Fiy
qi ∈

Fqr [y] of degree qm such that V = Im(F ) (see [GÖÖ17, Lemma 4]). More-
over, [GÖÖ17, Proposition 5] implies that f(x) ∈ V , for x ∈ Fqr , if and only
if F (y) = f(x), for some y ∈ Fqr . Hence, the weight of a codeword c ∈ C
satisfies

wt(c) = qr − |{x ∈ Fqr : Tr(γi, f(x)) = 0,∀i ∈ {1, . . . ,m}}|

= qr −

∣∣∣χaf
f (Fqr)

∣∣∣
qm

, (1.2)
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where χaf
f (Fqr) denotes the set of affine Fqr -rational points on the curve χf

defined by F (y) = f(x). The next result is derived from Serre’s improvement
on the Hasse-Weil bound [Sti09, Theorem 5.3.1] applied on (1.2).

Theorem 1.5. [GÖÖ17, Theorem 1] Consider the additive cyclic code C =
ϕτ (B(A)) of length n = qr − 1 over Fm

q , where A = {i1, . . . , is}⊆ Z/nZ.
Assume that gcd(ij , q) = 1 for all j and let i = max {ij : 1 ≤ j ≤ s}. Then,

d(C) ≥ qr − qr−m − (qm − 1)(i− 1)⌊2
√
qr⌋

2qm
.

When n|(qr − 1), we obtain:

d(C) ≥ n

qr − 1

(
qr − qr−m − (qm − 1)(i− 1)⌊2

√
qr⌋

2qm

)
,

where i = max

{
qr − 1

n
ij (mod qr − 1) : 1 ≤ j ≤ s

}
.

ϕτ (B(A)) given in (1.1) is an index m quasi-cyclic code. Therefore, they
can be viewed as R-submodules of Rm, where R = Fq[x]/⟨xn − 1⟩.

2 Schur Product in Index 2

Assume that C is an Fq-linear additive cyclic code over Fq2 of length n.
Recall that such an additive cyclic code can be viewed as a quasi-cyclic code
of index 2 and of length n and therefore the polynomial generator matrix
of an additive cyclic code of length n over Fq2 is of the form (see [SLÖS22,

Theorem 3.2], [SCÖ25, Theorem 3.1]),[
p(x) q(x)
0 r(x)

]
, (2.1)

where p(x), q(x), r(x) ∈ Fq[x]/⟨xn− 1⟩ with p(x)|(xn− 1), r(x)|(xn− 1) and
deg(q(x)) < deg(r(x)).

We want to find the generator matrix of C ⋆C, where ⋆ denotes the Schur
product. Using the matrix (2.1), the polynomial generator matrix of C ⋆ C
is: [

p(x) q(x)
0 r(x)

]
⋆

[
p(x) q(x)
0 r(x)

]
,

which can be found as follows:

We define f(x) ⋆ f(x) =

n−1∑
i=0

f2
i x

i, for any f(x) ∈ Fq[x]/⟨xn − 1⟩. Let

p(1)(x) = gcd(p(x) ⋆ p(x), p(x) ⋆ xp(x), . . . , p(x) ⋆ xdpp(x)),
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where dp = n− deg(p(x))− 1 and let

r(1)(x) = gcd(r(x) ⋆ r(x), r(x) ⋆ xr(x), . . . , r(x) ⋆ xdrr(x)),

where dr = n− deg(r(x))− 1 by [Mir12, Proposition 4.2.2]. We have

p(1)(x) = a0(x)(p(x) ⋆ p(x)) + · · ·+ adp(x)(p(x) ⋆ x
dpp(x)),

for some a0(x), . . . , adp(x) ∈ Fq[x]/⟨xn − 1⟩, and

q(1)(x) = a0(x)(q(x) ⋆ q(x)) + · · ·+ adp(x)(q(x) ⋆ x
dpq(x)),

since p(x) and q(x) are in the same row. We obtain:[
p(1)(x) q(1)(x)

0 r(1)(x)

]
.

Now, set r(2)(x) as follows:
If dp ≥ dr, r

(2)(x) = gcd(r(1)(x), q(x)⋆ r(x), xq(x) ⋆ r(x), . . . , xdpq(x) ⋆ r(x)),
If dp < dr, r

(2)(x) = gcd(r(1)(x), q(x) ⋆ r(x), q(x) ⋆xr(x), . . . , q(x) ⋆xdrr(x)).
It was observed in [Mir12] before Proposition 4.2.2 that p(1)(x) and

r(1)(x) divide (xn − 1). Using this, we get

r(2)(x)|r(1)(x) and r(1)(x)|(xn − 1)⇒ r(2)(x)|(xn − 1).

Finally, we set
q(2)(x) = q(1)(x)− s0(x)r

(2)(x),

such that deg(q(2)(x)) < deg(r(2)(x)). So,[
p(x) q(x)
0 r(x)

]
⋆

[
p(x) q(x)
0 r(x)

]
=

[
p(1)(x) q(2)(x)

0 r(2)(x)

]
.

Theorem 2.1. Let C be an Fq-linear additive cyclic code over Fq2 of length
n with the polynomial generator matrix,[

p(x) q(x)
0 r(x)

]
.

Then the Schur product C ⋆ C is also additive cyclic with the polynomial
generator matrix [

p(1)(x) q(2)(x)

0 r(2)(x)

]
,

where p(1)(x), q(2)(x), r(2)(x) can be found by using Algorithm 1.
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Algorithm 1 Polynomial Generator Matrix Schur Product of Index 2

Input: p(x), q(x), r(x)
1: dp = n− deg(p(x))− 1
2: dr = n− deg(r(x))− 1
3: p(1)(x)← gcd(p(x) ⋆ p(x), p(x) ⋆ xp(x), . . . , p(x) ⋆ xdpp(x))
4: r(1)(x)← gcd(r(x) ⋆ r(x), r(x) ⋆ xr(x), . . . , r(x) ⋆ xdrr(x))
5: a0(x), . . . , adp(x) ←ExtendedEuclideanAlg((p(x) ⋆ p(x)), . . . , (p(x) ⋆

xdpp(x)))
6: q(1)(x)← a0(x)(q(x) ⋆ q(x)) + · · ·+ adp(x)(q(x) ⋆ x

dpq(x))
7: if dp ≥ dr then
8: r(2)(x)← gcd(r(1)(x), q(x) ⋆ r(x), xq(x) ⋆ r(x), . . . , xdpq(x) ⋆ r(x))
9: else if dp < dr then

10: r(2)(x)← gcd(r(1)(x), q(x) ⋆ r(x), q(x) ⋆ xr(x), . . . , q(x) ⋆ xdrr(x))
11: end if
12: (s0(x), q

(2)(x))← DivisionAlg(q(1)(x), r(2)(x))
13: return p(1)(x), q(2)(x), r(2)(x)

Example 2.2. Let the polynomial generator matrix of C be[
p(x) q(x)
0 r(x)

]
=

[
x2 + 1 1

0 x− 1

]
.

Therefore, the polynomial generator matrix of the Schur product C ⋆ C is[
x2 + 1 1

0 x− 1

]
⋆

[
x2 + 1 1

0 x− 1

]
=

[
x2 + 1 0

0 1

]
.

Remark 2.3. If C1 and C2 are two additive cyclic codes of the same length
over Fq2, then their Schur product C1 ⋆ C2 and the corresponding polynomial
generator matrix can be computed in a similar way using Algorithm 1.

3 Schur Product in Index 3

Assume that C is a Fq-linear additive cyclic code over Fq3 of length n. Recall
that such an additive cyclic code can be viewed as a quasi-cyclic code of index
3 and of length n. Therefore the polynomial generator matrix of an additive
cyclic code of length n over Fq3 is of the form (see [SCÖ25, Theorem 3.2]),p(x) q(x) m(x)

0 r(x) n(x)
0 0 l(x)

 , (3.1)

where p(x), q(x), r(x),m(x), n(x), l(x) ∈ Fq[x]/⟨xn − 1⟩ with p(x)|(xn − 1),
r(x)|(xn − 1), l(x)|(xn − 1), deg(q(x)) < deg(r(x)), deg(m(x)) < deg(l(x))
and deg(n(x)) < deg(l(x)).
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Theorem 3.1. Let C be an Fq-linear additive cyclic code over Fq3 of length
n with the polynomial generator matrix,p(x) q(x) m(x)

0 r(x) n(x)
0 0 l(x)

 .

Then the Schur product C ⋆ C is also additive cyclic with the polynomial
generator matrix p(1)(x) q(2)(x) m(3)(x)

0 r(2)(x) n(3)(x)

0 0 l(3)(x)

 ,

where p(1)(x), q(2)(x), r(2)(x),m(3)(x), n(3)(x), l(3)(x) can be found by using
Algorithm 2 which will be provided in the full version.

Example 3.2. Let the polynomial generator matrix of C bep(x) q(x) m(x)
0 r(x) n(x)
0 0 l(x)

 =

x2 + 1 1 2x+ 1
0 x− 1 x
0 0 x2 + 1

 .

Hence, the polynomial generator matrix of the Schur product C ⋆ C isx2 + 1 1 2x+ 1
0 x− 1 x
0 0 x2 + 1

 ⋆

x2 + 1 1 2x+ 1
0 x− 1 x
0 0 x2 + 1

 =

x2 + 1 0 0
0 1 0
0 0 1

 .

Remark 3.3. If C1 and C2 are two additive cyclic codes of the same length
over Fq3, then their Schur product C1 ⋆ C2 and the corresponding polynomial
generator matrix can be computed in a similar way.

In this polynomial representation, it would become too complicated to
express the Schur product for index 4 or higher indices. Therefore, we use the
trace representation of the additive cyclic codes introduced by Bierbrauer
[Bie02], which is valid for an arbitrary index.

4 Schur Product in Arbitrary Index

Recall that additive cyclic codes can be represented as (1.1). Note that if
m = 1 and A is Galois closed, then by taking A = −I and using Delsarte’s
theorem [Bie02, Theorem 4], we can apply Theorem 1.3 for the Schur prod-
uct of cyclic codes. Let m ≥ 1 and A be arbitrary. We want to characterize
ϕτ (B(A)) ⋆ ϕτ (B(A)). Take any two codewords from ϕτ (B(A)), which have
coordinates Tr(γif(α

j)) and Tr(γig(α
j)), where f(x), g(x) ∈ P (A) such that

1 ≤ i ≤ m and 1 ≤ j ≤ n− 1. We have

Tr(γif(α
j)) = γif(α

j) + γqi (f(α
j))q + · · ·+ γq

r−1

i (f(αj))q
r−1

,
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and

Tr(γig(α
j)) = γig(α

j) + γqi (g(α
j))q + · · ·+ γq

r−1

i (g(αj))q
r−1

.

Then we have found that

ϕτ (B(A)) ⋆ ϕτ (B(A)) ⊆ ϕτ (B(A+ Ā)),

where A + Ā =
{
ij1 + qℓij2 : 0 ≤ ℓ ≤ r′, 1 ≤ j1, j2 ≤ s

}
⊆ Ā + Ā ⊆ Ã + Ã,

such that Ā :=
{
qℓij : 0 ≤ ℓ ≤ r′, 1 ≤ j ≤ s

}
and the Galois closure of A is

Ã :=
{
qℓij : 0 ≤ ℓ ≤ r − 1, 1 ≤ j ≤ s

}
.

As a result, the Schur product of additive cyclic codes are again additive
cyclic and

ϕτ (B(A)) ⋆ ϕτ (B(A)) ⊆ ϕτ (B(A+ Ā)) ⊆ ϕτ (B(Ã+ Ã)).

Note that equality holds when A = Ã, i.e., A is Galois closed.

Theorem 4.1. Let ϕτ (B(A)) be an additive cyclic code of length n over Fm
q ,

then the Schur product ϕτ (B(A)) ⋆ ϕτ (B(A)) is again additive cyclic and it
is defined as

ϕτ (B(A)) ⋆ ϕτ (B(A)) =
{
ϕτ (h(α

0), . . . , h(αn−1)) : h(x) ∈ P (A+ Ā)
}

such that ϕτ (B(A)) ⋆ ϕτ (B(A)) ⊂ ϕτ (B(A+ Ā)) with

h(x) = γ1i f(x)g(x) + γqi (f(x)g(x)
q + f(x)qg(x))

+ · · ·+ γq
r′

i (f(x)g(x)q
r′
+ f(x)q

r′
g(x)),

where f(x), g(x) ∈ P (A), and

r′ =


r − 1

2
, if r is odd,

r

2
, if r is even.

Remark 4.2. We have |Ā| ≤ r′|A| and |Ã| ≤ r|A|, and therefore |Ā+ Ā| ≤
r′|A+A|. If C1 and C2 are two additive cyclic codes of the same length over
Fm
q , then their Schur product C1 ⋆ C2 and the corresponding polynomial h(x)

can be computed in a similar way.

5 Distance and Dimension of Schur Product

We assume the notation in Section 1. Our aim is to find estimates on d(C⋆C)
and d((C ⋆ C)⊥), for given A ⊆ Ωn = Z/nZ and C = ϕτ (B(A)).

For a given additive cyclic code C = ϕτ (B(A)), it was shown in [Bie02,
Theorem 23] that d(C⊥) ≥ |E| + 1, where E is a consecutive set contained
in A (i.e., (E, |E| + 1) ∈ BCH(C⊥)). Note that Ωn \ E = amp(Ωn \ A), if
E is the largest consecutive set contained in A. We get the following (cf.
Theorem 1.4).
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Theorem 5.1. Let C = ϕτ (B(A)) be an Fq-linear additive cyclic code of
length n over Fm

q . Let E and Ē be the largest consecutive sets contained in
A and Ā, respectively. Then

1. dimFq(C) ≥ |E| and dimFq(C ⋆ C) ≥ |E|+ |Ē|.

2. d(C⊥) ≥ n−amp(Ωn\A)+1 and d((C⋆C)⊥) ≥ n−amp(Ωn\(A+Ā))+1.
In particular, (E, |E| + 1) ∈ BCH(C⊥) and (E + Ē, |E| + |Ē| + 1) ∈
HT((C ⋆ C)⊥).

Proof. Part (1) follows from the Singleton bound, which asserts d ≤ n−k−1
[LX04, Theorem 5.4.1], where d = d(C) and k = dimFq(C). Applying on C⊥,
we get d(C⊥) ≤ n − (n − k) + 1 = k + 1, which implies k ≥ d(C⊥) − 1.
Using [GÖÖ17, Theorem 2], we obtain dimFq(C) ≥ d(C⊥) − 1 ≥ |E|. If
we define Ē ⊆ Ā as the largest consecutive set contained in Ā, we get
dimFq(C ⋆ C) ≥ d((C ⋆ C)⊥)− 1 ≥ |E|+ |Ē|.

Part (2) follows from the observation that Ωn \ E = amp(Ωn \ A) and
|Ωn \ E| = n − |E|. Then we apply the same idea on B(A + Ā)⊥, which is
characterized by A+ Ā.

Now we generalize Theorem 1.5 in Section 1 to the Schur product C ⋆ C
of the given additive cyclic code C = ϕτ (B(A)).

Theorem 5.2. Let n = qr − 1 and A = {i1, . . . , is} ⊆ Ωn. Assume that
gcd(ij , q) = 1 for all j, then gcd(ij1 + qℓij2 , q) = 1, ∀j1, j2 ∈ {1, . . . , s} and
0 ≤ ℓ ≤ r′. Let i be the maximum of A + Ā =

{
ij1 + qℓij2 : 0 ≤ ℓ ≤ r′,

1 ≤ j1, j2 ≤ s} , then

d(C ⋆ C) ≥ qr − qr−m − (qm − 1)(i− 1)⌊2
√
qr⌋

2qm
.

If n|(qr − 1), then we obtain

d(C ⋆ C) ≥ n

qr − 1

(
qr − qr−m − (qm − 1)(i− 1)⌊2

√
qr⌋

2qm

)
,

where i = max

{
qr − 1

n
(ij1 + qℓij2)(mod qr − 1) : 0 ≤ ℓ ≤ r′, 1 ≤ j1, j2 ≤ s

}
.
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