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Abstract

An important family of algebraic codes that is closely related to
quasi-cyclic codes is additive cyclic codes. Using different representa-
tions, we investigate the Schur product of additive cyclic codes and
explore their algebraic properties within this framework. In particu-
lar, we provide a study of an explicit polynomial generator matrix of
the Schur product for additive cyclic codes of index 2 and 3, and then
extend this study to arbitrary index, in terms of trace representation.
Furthermore, we examine the distance properties of the Schur product
of additive cyclic codes, extending BCH, HT and Hasse-Weil bounds
known for cyclic codes.

Key Words : Additive cyclic codes, Schur product, BCH bound, HT
bound, Hasse-Weil bound.

1 Preliminaries

Let ¢ be a prime power and let 'y be the finite field with g elements. A linear
code C is a subspace of Fy", where m > 1. C has length m and dimension
k, if dimp, (C) = k < m. The minimum distance of C is denoted by d =
d(C), which is the minimum nonzero weight among its codewords. That is,
d(C) = min{wt(c) : ¢ € C\ {0}} with wt(c) ={i € {0,...,m — 1} : ¢; # 0}.

Let m > 1 be a positive integer such that ged(m,¢) = 1 from this point
on. Let r be the smallest integer satisfying ¢" =1 mod m and let Fy be the
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extension of F, such that Fyr = F,(¢), where ¢ € Fyr is a primitive m'™" root

of unity (i.e., Fgr is the splitting field of 2™ —1 over Fy). Let C be an [m, k] -
linear code over Fy (i.e., C is a k-dimensional subspace of Fy"). The elements
of C are the codewords ¢ = (cp,c1,...,¢m—1). An [m, k]q—linear code C is
a cyclic code if ¢ = (¢g, c1,...,¢m—1) € C implies (¢—1,C0,C1,---,Cm—2) €
C. Let R := Fylz]/(z™ — 1) and g(z) € R be the generator polynomial
of the [m, k] -cyclic code C with deg(g(z)) = m — k. So, C = (g(x)) is

an ideal in R and C+ = (h*(x)), where h(z) = z;gx_)l is a parity-check

polynomial and its reciprocal is h*(z) = 2*h (%) The g-cyclotomic coset of
gis [¢] = {eh,¢0,. g0
positive integers, we now set some notation:

e zero set of C: Z(C) = {¢ € Fyr : (&%) =0} = {&r,... ¢},

T

717‘} for any positive integer j. Let w,p,d, s be

e defining set of C: J = {j1,...,juw},

e generating set of C: I =Q,, \ J, where Q,,, ={0,1,...,m — 1},

o zero set of Ct: Z(CH) = {& € Fgr : h* (&) =0} = {¢1,... ¢}
Theorem 1.1. Let C be an [m, k]q—cyclic code over Fy and & be the primitive
m™ root of unity, ¢ € Fyr and ged(m, q) = 1. Assume that the defining set of

CisJ ={j1,...,Jw} and the generating set of C is I = Qu\J = {i1,...,it}.
Then the defining set of C* is —I = {—i1,...,—is} = {m —i:i € I}.

Now let us set the notion of defining set bounds. A nonempty subset £ C €,
is said to be consecutive if there exist integers e, A and § with e > 0,0 >
2,A>1and ged(m,A\) =1such that E={e+2A:0<2<J§—2} CQ,,.

Let P(Qy,) be the power set of €,,,. Note that any nonempty P € P(£,,)
is the defining set of some cyclic code Dp C Fyr since 2™ — 1 splits over Fr.
Let C be a cyclic code of length m over some subfield of Fy» with nonempty
defining set J, then for any nonempty P C J, C is a subfield subcode of Dp
and we have d(C) > d(Dp). We define a defining set bound to be member
of the collection B(C) := {(P,dp) : 0 # P C J} C P(Qy) x N so that
P C J implies d(C) > d(Dp) > dp, for any (P,dp) € B(C). Note that for
any nonempty P C J, we have (P,dp) € B(C). We set the well-known BCH
bound [BRC60], [Hoch9] as

BCH(C) = {(E,|E|+1) € B(C) : E C J is consecutive} .
Similarly, we formulate the HT bound [HT72] as
HT(C) ={(D,6+s) e B(C): D C J},

where D = {e+ 2\ +yX2:0<2<0—-2,0<y<s} for integers e > 0,
d>2,5>1, A\ >1and A2 > 1 such that ged(m, A1) =1, ged(m, A2) < 0.

Using the defining set of the dual of a given cyclic code, we can represent
any cyclic code as an evaluation code as follows.



Theorem 1.2. [Cas1§, Lemma 4] Let C be an [m, k] -cyclic code over Fq,
where ged(m, q) = 1. Then B(—I)|g, = B(—1) NFy" = C such that

B(=I) =< (f(1), (&), fE€"Y) : flw) € Frla], flw) = > fa!

je—1I
=1 2 fig”  f € Fqr, Vi
je-1 0<i<m—1
Given two vectors u = (uo,...,Un-1),v = (vo,...,vm-1) € Fy’, we
define their Schur product, denoted by u* v, as u*v = (ug - Vo, ..., Um—1
U;m—1). In the polynomial representation over R, let u(z) = Yo uia’

and v(z) = >, vir’, then u(z) x v(z) = Y ,cpuviz’. If C; and Cy are
two linear codes of the same length over the same field, then their Schur
product is C1 % Co := spanFq{cl xcy i cp € Cryco € Co}. If Gp and Gy are
generator matrices of C; and Co with k; and ko rows, respectively, then
CixCy = spanFq{ri*sj 01 <i < ki,1 <j<ko}sothat r; and s; denote
the it" and j*™ rows of G; and Ga, respectively.

For cyclic code pairs, we have the following result.

Theorem 1.3. [Casl8, Theorem 1] Assume that gcd(m,q) = 1 and that Cy
and C are two cyclic codes of length m over Fy with generating sets Iy and
I, respectively. Let

B(=L) =< | Y fu&" tfi €Fgr Vi g
ne-h 0<i<m—1

B(_I2) = Z gjzflp 2 Gjo € Fq’"yva
j2€—]2 O§z§m—1

Then, B(—(I; + Ig))]Fq = C1%Cq, where Iy + 1o = {i1 +ig : i1 € 1,19 € I1}.

We now generalize [Casl8, Definition 10] as follows. Given any P €
P(y,), the amplitude of P will be denoted by amp(P) and it is defined as

amp(P) :=min{|E|: P C E and E is consecutive} .

In other words, amp(P) is the size of the smallest consecutive set in €,
that contains P. Note that, if amp(I) = |E| such that I is the generating
set of the cyclic code C, for some consecutive set E C €,,, then Q,, \ F is
the largest consecutive set contained in its defining set J. Hence, we have
(E,m —amp(I) + 1) € BCH(C). We reformulate [Cas18, Theorem 2] as,



Theorem 1.4. Let C = B(—I)[g, be a cyclic code with generating set I.
Then

1. dimg,(C) = [I| and dimg,(C *C) = |I +I|.
2. d(C)>m—amp(I)+1 and d(C*C) >m —amp(I +I) + 1.

The above theorem is a direct result of Theorem [I.3]and the BCH bound.

Now we adopt a different notation than above, so that we are consistent
with the works [Bie02], [GOO17], [SLOS22] and [SCO25).

Let IFy» be the extension of the finite field Iy, where r is a positive integer.
Let n|¢g" —1 and A = {i1,...,is} C Z/nZ be arbitrary. Let a be a generator
of the subgroup of order n in Fyr, say W = {a?,...,a" 1}. Define the space
of polynomials P(A) as

P(A) := {alm“ 4+ Fagx® a, ..., as € qu}

and

A) = {(f(@"),.... f(@" ) : f(x) € P(A)} C FL.
Let m < r be a positive integer and 7 = {y1,...,vm} be a Fy-linearly
independent subset of F,-. Let ¢, be a surjective Fy-linear map from Fyr

to IFy* such that ¢, (z) := (Tr(y12), ..., Tr(ymr)) where Tr is the trace map
from F,r to IF,. Then,

or(B(A)) = {6+(f(a?),.... f(a"71) : f(z) € P(A)} C F™
= {(T( fnf(ozo)) S Tr (Y f(a%)), ...
Tr(yf ("), --~,Tr('vmf(a"*1))) : flx) € P(A)}, (1.1

is an additive cyclic code of length n over Fy’ IGOO17).
In [GOO17], a lower bound on the minimum distance of certain additive

cyclic codes was proven. To describe this bound, we let C = ¢.(B(A)),
n =¢q" —1 and each i; > 1 for i; € A. We define,

Vi={z eFy : Tr(y1z) = --- = Tr(ymx) =0},

which is an Fg-linear subspace of Fyr of dimension  —m. Then there exists
a uniquely determined monic g-additive polynomial F(y) = >7i" Fy? ¢
Fyr[y] of degree ¢™ such that V = Im(F') (see [GOO17, Lemma 4]). More-
over, |[GOO17, Proposition 5] implies that f(z) € V, for x € Fyr, if and only
if F(y) = f(x), for some y € Fyr. Hence, the weight of a codeword ¢ € C
satisfies

wt(c) =q" — {z € Fgr : Tr(ys, f(2)) =0,Vi € {1,...,m}}|

_ af(qu) 1.9
=4 - (1.2)




where X;ﬁf (Fgr) denotes the set of affine Fy--rational points on the curve x
defined by F(y) = f(z). The next result is derived from Serre’s improvement
on the Hasse-Weil bound [Sti09, Theorem 5.3.1] applied on (1.2]).

Theorem 1.5. [GOO17, Theorem 1] Consider the additive cyclic code C =
¢-(B(A)) of length n = ¢" — 1 over Fy', where A = {i1,...,is}C Z/nZ.
Assume that ged(ij,q) =1 for all j and let i = max {i; : 1 < j < s}. Then,

dC) > ¢ — ™ — (" — 1)(;’(;”1) [2Vd")

When n|(¢" — 1), we obtain:

(7 - - DG DRVTL

2™

>
10>

r

where 7 = max ij (mod ¢" —1) :lgjgs}.

¢-(B(A)) given in (1.1)) is an index m quasi-cyclic code. Therefore, they
can be viewed as R-submodules of R™, where R = F[z]/(z" — 1).

2 Schur Product in Index 2

Assume that C is an Fg-linear additive cyclic code over Fg. of length n.
Recall that such an additive cyclic code can be viewed as a quasi-cyclic code
of index 2 and of length n and therefore the polynomial generator matrix
of an additive cyclic code of length n over F 2 is of the form (see ISLOS22,
Theorem 3.2], [SCO25, Theorem 3.1]),

) o] o)

where p(x),q(z),r(z) € Fqlz]/(z" — 1) with p(x)|(z"™ — 1), r(z)|(z™ — 1) and

deg(q(z)) < deg(r(z)).
We want to find the generator matrix of CxC, where x denotes the Schur
product. Using the matrix (2.1]), the polynomial generator matrix of C x C

P 1)1 el

which can be found as follows:

n—1
We define f(z) * f(z) = Z f2a’, for any f(z) € Fyz]/(z™ —1). Let
i=0

P (z) = ged(p(z) * p(x), p(x) * 7p(), ..., p(2) * 2% p()),



where d, = n — deg(p()) — 1 and let

r(z) = ged(r(@) * (@), r(z) * zr(z), ..., r(z) * 2% r(z)),
where d, = n — deg(r(z)) — 1 by [Mir12, Proposition 4.2.2]. We have

PN (@) = ao(2)(p(x) % p(x)) + -+ + ag, () (p(x) * 27 p(x)),
for some ag(z), ..., aq, () € Fylz]/(z™ — 1), and

¢ (@) = ao(w)(q(z) * q(x)) + - + ag, () (q(z) * ¥ q(x)),

since p(z) and ¢(z) are in the same row. We obtain:

(@) ¢M(x)
o o)

Now, set r(?)(z) as follows:

If dy, > d,, () = ged(rD(z), ¢(x) % r(z), q(z) x7(x), . . ., x%q(x) x7(x)),

If dy < dyp, 7 (2) = ged(rM (z), q(2) x7(2), q(x) * 21 (2), . . ., q(2) * 2% 7 (2)).
It was observed in [Mirl2] before Proposition 4.2.2 that p™)(z) and

(D (z) divide (2™ — 1). Using this, we get

r® (2)[rW(z) and rO (z)|(z™ — 1) = @ (2)|(2" - 1).

Finally, we set
¢?() = ¢V () — so(x)r® (2),
such that deg(¢®(z)) < deg(r®(z)). So,

[p(x) Q(w)} . [p(ox) ggﬂ _ [p“z](fv) igég] _

Theorem 2.1. Let C be an Fy-linear additive cyclic code over Fy2 of length
n with the polynomial generator matrix,

Then the Schur product C x C is also additive cyclic with the polynomial
generator matrizc

where pM) (z), ¢ (), r® () can be found by using Algorithm .



Algorithm 1 Polynomial Generator Matrix Schur Product of Index 2
Input: p(x),q(x),r(x)

1: dp, =n —deg(p(z)) —

2: d, =n —deg(r(z)) —

3: p(x) + ged(p(x) » p(ﬂﬁ) p(x) *zp(x), ..., p(x) x z%p(z))

4: r(l)(x) — ged(r(z) *r(z), r(z) « zr(z),...,r(x) 2% r(z))

5: ap(x),...,aq,(r) < ExtendedEuclideanAlg((p(z) * p(x)), ..., (p(z) *
z%p(x)))

6: ¢V (x) = ao(x)(q(x) x q(x)) + - - + aq, (x)(q(z) x 2% q(x))

7: if d, > d, then

8: r(2) (z) « gcd(r(l)(a:), q(z) *r(x), zq(z) * r(z),...,z%q(x) xr(z))

9: else if d, < d, then

10: r(2) () « gcd(r(l)(x), q(z) xr(x),q(z) x zr(x),...,q(x) * azd’“r(fv))
11: end if

12: (so(z), P (x)) <— D1v1510nA1g( W (z),r@(z))

13: return pM(z), ¢ (z),r®(2)

Example 2.2. Let the polynomial generator matrixz of C be
p(z) q(x)]  [22+1 1
0 r(@)| | O r—1|"

Therefore, the polynomial generator matrix of the Schur product C x C is

+1 1] [¢241 1] _[22+1 0
0 x—1 0 x—1] | 0 1]
Remark 2.3. If C; and Co are two additive cyclic codes of the same length

over F o2, then their Schur product Cy xCa and the corresponding polynomial
generator matriz can be computed in a similar way using Algorithm [1]

3 Schur Product in Index 3

Assume that C is a Fy-linear additive cyclic code over Fgs of length n. Recall
that such an additive cyclic code can be viewed as a quasi-cyclic code of index
3 and of length n. Therefore the polynomial generator matrix of an additive
cyclic code of length n over Fgs is of the form (see [SCO25, Theorem 3.2]),

r@) n() |, (3.1)
I(a)

where p(z), ¢(), (), m(z),n(z),l(z) € Fyla]/(z" — 1) with p(z)|(z" - 1),
r(@)|(e" = 1), l(z)|(z" = 1), deg(q(z)) < deg(r(x)), deg(m(x)) < deg(l(x))
and deg(n(z)) < deg(l(x))



Theorem 3.1. Let C be an Fy-linear additive cyclic code over Fs of length
n with the polynomial generator matrix,

p(z) q(z) m(z)
0 r(z) n(x)
0 0 i)

Then the Schur product C x C is also additive cyclic with the polynomial
generator matrix
PO (@) mO()
0 r@(z) nB(z) |,
0 0 18) (z)
)

where pM (z), ¢ (z), 7@ (), m®) (z),n®)(2),1®)(x) can be found by using
Algorithm 2 which will be provided in the full version.

Example 3.2. Let the polynomial generator matriz of C be

p(z) q(z) m(zx) ?+1 1 2241
0 r(z) n)| = 0 x—1 x
0 0 I 0 0 a22+1

Hence, the polynomial generator matriz of the Schur product C x C is

22+ 1 1 2r + 1 2+ 1 1 2241 241 0 0
0 x—1 x * 0 x—1 x = 0 1 0
0 0 z2+1 0 0 2241 0 0 1

Remark 3.3. If C1 and Co are two additive cyclic codes of the same length
over F s, then their Schur product Cy xCo and the corresponding polynomial
generator matrix can be computed in a similar way.

In this polynomial representation, it would become too complicated to
express the Schur product for index 4 or higher indices. Therefore, we use the
trace representation of the additive cyclic codes introduced by Bierbrauer
[Bie02], which is valid for an arbitrary index.

4 Schur Product in Arbitrary Index

Recall that additive cyclic codes can be represented as . Note that if
m =1 and A is Galois closed, then by taking A = —I and using Delsarte’s
theorem [Bie02, Theorem 4], we can apply Theorem for the Schur prod-
uct of cyclic codes. Let m > 1 and A be arbitrary. We want to characterize
¢+ (B(A)) x p-(B(A)). Take any two codewords from ¢, (B(A)), which have
coordinates Tr(v; f(a’)) and Tr(v;g(a’)), where f(z), g(z) € P(A) such that
1<i<mand1<j<n-—1. We have

r—1 - r—1

Te(vif(o?)) = vif(e) + 7 (F(@?)T+ -+ (fla?)T



and

r—1 - r—1

Tr(vig(e?)) = vig(a?) + v (g(a?)) T + -+ 4] (g(a))
Then we have found that
¢-(B(A)) x ¢-(B(A)) C ¢-(B(A+ A)),

where A+ A = {ij, +¢%j, : 0< (<1 1<ji,jo<s} CA+AC A+ A,
such that A := {qzij 0<I<r,1<5< 5} and the Galois closure of A is
A::{q%:ogfgr—l,lgjgs}.

As a result, the Schur product of additive cyclic codes are again additive
cyclic and

6r(B(A)) % ¢7(B(4)) C ¢r(B(A + A)) € ¢-(B(A+ A)).
Note that equality holds when A = A, i.e., A is Galois closed.
Theorem 4.1. Let ¢,(B(A)) be an additive cyclic code of length n over Fy",
then the Schur product ¢(B(A)) * ¢-(B(A)) is again additive cyclic and it
s defined as
¢r(B(A)) * ¢7(B(A)) = {¢r(h(a®),...,h(@" ™)) : h(z) € P(A+ A)}
such that ¢, (B(A)) * ¢-(B(A)) C ¢-(B(A+ A)) with
h(z) = f()g(x) +~{ (f(2)g(2)? + f(2)7g(x))

/

+ e _|_ ’qur (f(aj‘)g(.%’)qr/ + f(l’)qug(x))a

r—1 . .
o 5 if r is odd,
=3r
ok if v is even.

Remark 4.2. We have |A| < r'|A| and |A| < r|A|, and therefore |A+ A| <
r'|A+ A|. If C; and Cy are two additive cyclic codes of the same length over
", then their Schur product Cy xCa and the corresponding polynomial h(z)
can be computed in a similar way.

5 Distance and Dimension of Schur Product

We assume the notation in Section Our aim is to find estimates on d(C*C)
and d((C xC)*1), for given A C Q,, = Z/nZ and C = ¢,(B(A)).

For a given additive cyclic code C = ¢,(B(A)), it was shown in [Bie02,
Theorem 23] that d(Ct) > |E| + 1, where E is a consecutive set contained
in A (ie., (E,|E| + 1) € BCH(C'Y)). Note that Q, \ E = amp(Q, \ 4), if
E is the largest consecutive set contained in A. We get the following (cf.
Theorem |1.4]).



Theorem 5.1. Let C = ¢-(B(A)) be an Fy-linear additive cyclic code of
length n over Fy*. Let E and E be the largest consecutive sets contained in
A and A, respectively. Then

1. dimg, (C) > |E| and dimg, (C *C) > |E| + |E|.

2. d(Ct) > n—amp(Q,\A)+1 and d((CxC)*) > n—amp(Q, \ (A+A))+1.
In particular, (E,|E| + 1) € BCH(CY) and (E + E,|E| + |E| +1) €
HT((CxC)L).

Proof. Part (1) follows from the Singleton bound, which asserts d < n—k—1
[LX04, Theorem 5.4.1], where d = d(C) and k = dimg, (C). Applying on C*,
we get d(CY) < n—(n—k)+1 = k+ 1, which implies k¥ > d(C*) — 1.
Using |[GOO17, Theorem 2], we obtain dimg, (C) > d(C*t) -1 > |E|. If
we define £ C A as the largest consecutive set contained in A, we get
dimg, (C+C) > d((C*C)*) — 1> |E| +|E|.

Part (2) follows from the observation that Q, \ F = amp(Q2,, \ A) and
| \ E| = n — |E|. Then we apply the same idea on B(A + A)*, which is
characterized by A + A. d

Now we generalize Theorem in Section [1] to the Schur product C xC
of the given additive cyclic code C = ¢.(B(A)).

Theorem 5.2. Let n = ¢" — 1 and A = {i1,...,is} C Q,. Assume that
ged(ij, q) = 1 for all j, then ged(ij, + ¢%ij,,q) = 1, Vj1,52 € {1,...,s} and
0 < ¢ <. Leti be the marimum of A+ A = {ijl +q£ij2 0< <7,
1< 41,72 < s}, then

dCxC) 2 q —gm— L 1)(;q7nl)t2\/qﬂ .

If n|(¢" — 1), then we obtain

<qr P C )] Gl 1)L2x/q7J> ’

2q™

>
d(C+C) > o

T—1
where i = max{q(ijl +qbij,)(mod ¢" —1): 0 < £ <7 1< j1,jo < s}.
n
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