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Abstract

The hull of a linear code is the intersection of the code with its
dual and depends on the choice of inner product. In this paper, we
study the enumeration of linear codes with prescribed Hermitian and
symplectic hull dimensions. Extending earlier results on Euclidean
hulls, we show that the numbers of codes with given Hermitian or
symplectic hull dimensions satisfy inequalities analogous to those in the
Euclidean case. Our approach relies on mass formulae for codes with
fixed hull dimensions and provides a unified treatment of FEuclidean,
Hermitian, and symplectic hulls.
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1 Introduction

Let C be a linear [n, k] code over the finite field Fy, that is, a k-dimensional
linear subspace of the vector space Fy. Assume that Fy is equipped with an
inner product (-,-). The dual code (or orthogonal code) of C' is defined by

ct ={ueFy: (u,v) =0 for all v e C}.
The intersection
H(C)=CnCt

is called the hull of C' with respect to the given inner product. If #(C) = {0},
then C is called an LCD (Linear Complementary Dual) code. If C C C*,
then C' is said to be self-orthogonal.

In this work, we consider the following three inner products.
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e FEuclidean (standard) inner product:

n
x'yzzxiyia
i=1
for any x = (z1,...,2,) and y = (y1,...,yn) € Fy.

e Hermitian inner product:
n
<I’, y>H = Z xiyiqa
i=1

for any x = (21,...,2,) and y = (Y1,...,Yn) € IF;Z. This product is
defined only over fields with ¢? elements, where ¢ is a prime power.

e Symplectic inner product:
n
(z,y)s = Z(%’ynﬂ' = Tnili),
i=1
for any © = (21,...,220),y = (Y1,---,Y2n) € Fg”. The symplectic
inner product is defined only in vector spaces of even dimension.

For a linear code C, we denote by Hg(C), Hu(C), and Hg(C) its Eu-
clidean, Hermitian, and symplectic hulls, respectively. To illustrate the
structure of these hulls for a single code, we present the following exam-
ple.

Example 1. Let C be a linear [6,2] code over Fy = {0,1,w,w?}, where
14w+ w? =0, generated by

101 1 1 0
G_(o 11 w w? 1>'

The code C is Euclidean self-orthogonal, and hence Hg(C) = C. The two
rows of G are Hermitian orthogonal to each other, but the second row is not
Hermitian orthogonal to itself. Consequently, Hg(C) = ((101110)). On
the other hand, the two rows are mot symplectic orthogonal, and therefore
Hs(C) ={0}.

Hence C is Fuclidean self-orthogonal and symplectic LCD.

This work continues the authors’ previous research on the enumeration of

linear codes of fixed length and dimension over a finite field with prescribed
Euclidean hull dimension. In [2], we studied the sequence

Snkg = (Ank0.gs Ank g Anktgs - > Ankkag)s

where A,, 1, ¢ 4 denotes the number of linear [n, k], codes (equivalently, [n,n—
k] codes) whose Euclidean hull has dimension ¢. Our main result in [2] is
the following theorem.



Theorem 1. [2, Theorem 12] Let { +1 <k <n—{—1. Then A, rq >
(gt — 1)Ap k41,4 for all possible values of q, n, k and € except when q is

odd, n = 2 (mod 4), —1 is not a square in F;, and k — £ is odd, in which
041
case A g > 1An,k,€+1,q-

We expect that an analogous dependence also holds for Hermitian and
symplectic hulls. In particular, we show that the enumeration of linear
codes with respect to the dimensions of their Hermitian and symplectic
hulls exhibits behavior similar to that observed in the Euclidean case. By
developing suitable adaptations of the counting techniques, we derive corre-
sponding results in these two settings, thereby providing a unified treatment
of Euclidean, Hermitian, and symplectic hulls.

In [4], the authors established mass formulae for linear codes with pre-
scribed Hermitian and symplectic hull dimensions and obtained asymptotic
results. Using these formulae, we prove results analogous to Theorem 1.

The rest of this extended abstract is organized as follows. Section 2 is
devoted to the Hermitian hull of a linear code over a field with ¢? elements.
It is proved in [3] that for ¢ > 2 any linear code over F is monomially
equivalent to an Hermitian LCD code. In Section 3, we consider symplectic
inner product. As in the Euclidean and Hermitian cases, we prove that the
number of linear codes with fixed length 2n and dimension k& < n decreases
when the dimension of the symplectic hull increases.

2 Hermitian hulls

Let F 2 be a finite field with ¢? elements and IF;Z be the n-dimensional vector
space over this field. The following mass formula was proved in [4]. Here
HHull[n, k,[],2 denotes the number of all linear [n, k] codes over F . whose
Hermitian hull has dimension /.

Theorem 2. [}] Let n, k, £ be three positive integers such that £ < k < n—/.

Let ko =k — £. If Dy gy = [15) ©om 51— then

T, Ankgi ) @)Dy i if n— ko is odd,

HHullln, k1,2 = .
H’i:l Bn,ko,i qko(nikO)Dn,ko,iy an - k‘o 18 even,

_ (qmit241)(gmitt 1)
)

_ (@21 (gmit41)

where An,ko,i and Bn,ko,z‘ = F0(q2i—1) ’

mi:n—ko—%.

We use a more convenient formula, given in the following corollary



Corollary 3. Let n, k, { be positive integers such that £ < k <mn — ¢, and
ngo=n—k. Then

) k—¢ no+0+i -1 no+4+i
HHUll[n, k’ 6]6]2 = (H Mn,k,ﬂ,i) q(kfﬁ)(n0+£) H q ql — E_]_;Z )
i=1 =1

where
no+£€—2i+2 (_1)n0+€)(qno+€—2i+1 4 (_1)n0+£)
q2k—2€(q2i _ 1)

M(n, k,0,7) = (g

Proof. Obviously, ng+£4=n—k+4£=n—kq. Let

N Ankeds ifn—kop=ng+{is odd,
M(n, k. ;1) = { By kois if n— ko =mng+ £ is even.
Since
N _ (qn—ko—2i+2 4 1)(qn—kzo—2i+1 _ 1)
nko,i = ko (g2 — 1)
(qn0+€—2z‘+2 4 1)(qn0+£—2z’+1 o 1)
- 22 (q2 — 1) ’
and
B B (qn—k0—2i+2 o 1)(qn—ko—2z’+1 4 1)
’fl,k‘(),i - q2k0 (q22 _ 1)
B (qno+f—2i+2 _ 1)(qn0+ﬂ—2i+l + 1)
- g2 (g% — 1) )
we have

no+£0—2i4+2 _ (_1)n0+€)(q’n0+€72i+1 4 (_1)no+£)

N (g
M(n, k,¢,i) = 22 (2 1)

Hence
n—ko+1i _ (_1)nfk‘o+i

HHull[n, k, ], (HMnk£z> foln= kO)Hq ¢ — (—1)i

no+4+i ( 1)n0+f+i

_ (k—£)(no+£) q -
(H Mnk£z> 0 H qz _ (_1)1

=1

When ¢ = 0, the following formula is also proved in [4].



Theorem 4. [/] The number of Hermitian LCD [n, k|2 codes is

k gk (_1)n—k+i
¢ — (-1)

HHull[n, k,0],2 = ¢*"F) (2)

i=1
In the rest of this section we build our investigation on Corollary 3

and Theorem 4. Compare first HHull[n,k,0],2 with HHull[n,k, 1], for
1<k<n-—k. Then

HHulln, k, 0]
HHull[n, k,

q> qn—l(qQ — 1)

e (g™ = (=1)m)(¢" = (=1)%)

To evaluate this ratio, we use that ¢° — 1 < ¢°, Z +l

that

(qfn:(lq;q_l) 5> q2q_1 >q—1 if n and k are even
HHull[n, k, 0], _ % if n is even and k is odd
HHullln, k1], - fnki(f’; 1) 5> qq?+1 =q—1 ifnisoddand k is even

—1 if n and k are odd.

In the second case, if K =1 then

HHullln, k,0],2  ¢"Y¢?—1) ¢ Hg—1) -1
HHullln, k1], (¢" '+ 1)(g+1) (¢ 1 +1) o

but is bigger than ¢ — 2. Furthermore, if k£ > 3 then

HHullln, k.02 (¢ —1) _ N P -2) -1
HHullln, k, 1] = (@ +1)2  ° (¢* + 1)

>q— 1.

HHull[n,k 0] 2

Hence, in all cases but £ = 1 and even n it holds HHllnE 1] . —1.

The calculations in the case 0 < ¢ < k give us that

HHull[n, k, E]qz qn—2€—1(q2£+2 _ 1)

HHullln, k, £+ 1] 2 T (g R ()R (g = ()R D)

There are 8 different possibilities for the triple (n mod 2, £ mod 2, ¢ mod
2), which we group in 4 cases. Recall that we consider only the codes with
n > 2k, and if n is odd, then n > 2k + 1.

e Let n and k — £ be even. Then

HHullln,k flz "> 2 —1) PP -1 o
HHullln, k, 0+ 1] (¢"*t = 1)(¢"* - 1) q ! '




e If nis odd, but k — /¢ is even, then ng + ¢ =n — (k — /) is odd and

HHull[n, k,{] 2 g2 (22 - )

HHullln, k, 0+ 1], (¢"*L+1)(¢" ¢ —1)

Let’s take a closer look at the denominator:
(qn—k—ﬁ + 1)(qk—Z _ 1) _ qn—% + qk—ﬂ(l _ qn—Qk) —1< qn—%‘

It follows that

HHull[n, k, /] 2 P2 -1

20+1
> > — 1.
HHull[n, k, { + 1] 2 q 4

e Let n and k£ — £ be odd. In this case ng + £ is even and so

HHU”[TL, k,g]q2 B qn—2l—1(q2€+2 _ 1) - q2€+2 -1 - 2041 90
HHullln, 6+ 1]z (@ F - +1) ~ qr1 T T
e If n is even, but k£ — ¢ is odd, then
HHulln, k,{] ;2 q"72871((12”2 —1) Q(QQHQ —1) 2041 20

= > .
HHullln b0+ 1,z @+ D(gF+1) = (q+1z & 71

The following theorem is the main result of this section, which is proved
by the arguments above.

Theorem 5. Let 1 </4+1<k<n-—%k. Then

(¢"** = 1)HHull[n, k, ¢ + 2 if k—{ is odd,

HHullln, k, flg2 > { ¢*(q—V)HHullln,k, 0+ 1], ifk—{ is even.

3 Symplectic hulls

The symplectic inner product is defined by

n

(,y)s = Z(xiyn+i — Tpyiti) = 2y’
i=1

O I
where 2 = (x1,...,22,), ¥ = (Y1, .-, Y20) € F2", and Q,, = (—I O”) )
n

Proposition 6. [7, Proposition 2] Let C be a linear [2n, k|, code with a
generator matriz G. Then C has ¢-dimensional symplectic hull if and only

if { = k — rank(GQ,,GT).

We need also the following proposition.



Proposition 7. [4, Proposition 4.4] If there is a linear [2n, k|, code with
£-dimensional symplectic hull, then k — £ is even.

According this proposition, symplectic LCD codes exist only if & is even.
We denote the number of all linear [2n, k], codes, whose symplectic hull has
dimension ¢, by SHull[2n, k, {],.

Theorem 8. [}, Theorem 4.9] Assume that n, k and ¢ are three nonnegative
integers with £ < k < 2n and k = 2kg + £. Then

£ on—2ko—2i+2
q — 1\ okt | P
SHull2n,k, 0], = (l | TP T ) g=rotnTro . (3)
Pl q 0o+t — q 0 kjo q2

n
In the above theorem, [ } is the Gaussian binomial coefficient, defined
0] 42

2n _ 1 2(n—1) _ 1). .. 2(n—ko+1) _ 1
[n} _ (g 2k)(q M 1) (g : ),iflgkOSn.
ko g2 (g% — 1)(g*tko=1) —1)... (¢ = 1)

Again, as in Section 2, we use a more convenient formula presented in
the following corollary.

Corollary 9. Assume that n, k and £ are three nonnegative integers with
(<EkE<nandk=2ky+¢(. If{>1 then

2n—2ko—2i+2 _ |

9" i=1

ko ¢ —1

Furthermore, if k is even, then

_ k(n—k/2)| T
SHull2n,k,0], =q L‘C/QL? (5)

In the rest of this section, as in Section 2, we build our investigation
on Corollary 9. Note that Corollary 9 also covers the case ¢ = 0, which is
different from Corollary 3 of Section 2.

Let I<k—2and /4 =¢+2. If f = kg — 1 then k = 2k; + 4. Asin
the previous section, we evaluate the ratio SHull[2n, k, |,/ SHull[2n, k, {1],.
For that, we need

R P R A B
kO 72 k1 qz_ k() q2 kO_lqz_ q2k0_1 - qk—Z_l

2ko (n—ko—¢
g*ho(n=ko=0) 2ko(n—ko—0)—2k1 (n—k1—£1) _ 2n—20-2

q2k1 (n—k1—41) =4




Let us first compare SHull[2n,k,0], with SHull[2n, k,2], for even di-
mension. In this case

SHull[2n, k, 0], Rk [F] (g = 1)(¢* — 1)
SHull[2n,k,2],  ¢*k1(n—k1-2) I ] 2(q2n 2k _ 1)(g2n—2m-2 _ 1)

PP ) (- 1)(2 - 1)

- ( )(q2n—k+2 _ 1)(q2n—k _ 1)

_ 2(q D(?-1) _ (g=D(*-1)
(¢" = D(¢>*-1) q? ‘

For ¢ > 1 it holds

SHull2n,k, 0], qzn—2é—2(q2n—k+e+2 _ 1)(q£+1 _ 1)(q£+2 1) HfZI(an—2k0—2i+2 —1)

SHull[2n,k, 1], ("¢ —1) Hfif(QQn—2k1—2i+2 —1)

2n72872(q2n7k+€+2 _ 1>(qf+1 _ 1)(qé+2 . 1)
(qk—e _ 1)(q2n—2k0+2 _ 1)(q2n—2k0—2£ _ 1)
2n—2€—2(q2n—k+€+2 . 1)(q€+1 o 1)(q€+2 o 1)

(qk—é _ 1)(q2n—k+£+2 _ 1)(q2n—k—£ _ 1)
q2n72872(q£+1 _ 1)(q£+2 _ 1)

(qk—é _ 1)(q2n—k—£ _ 1)

(qf-‘rl o 1)(q4+2 . 1)
> '

This proves the following theorem

q

q

>

Theorem 10. Assume that n, k and ¢ are three nonnegative integers with
0<l<k—-2,1<k<n, and k — ¥ is even. Then

(qZ—H _ 1)(q£+2 _
PE
Example 2. Let =3, n =5 and k = 3. Then

SHull[2n,k, €] > 1)SHull[2n,k,€+2]q.

SHULLI10,3,1]3 = 17,648,856, 720, SHULLI10,3,3]s = 677,871, 040.

It is good to mention that the number of Euclidean self-orthogonal 10,3, 3|3
codes is 22,408, 960.

Remark 1. An interesting fact is that the number of symplectic self-orthogonal
2n—2i+42

[2n, kg codes is Top i 4, where the function To, 4 = Hle qqi% 15 used

in the formula for the number of Euclidean self-orthogonal codes 09y, 1 4

proved by Vera Pless in [5], namely

Q'n—k_l . i
=1 Menk.g if q is even, k <n
n—k . i .
O2n.k,q = qqni_:l_lﬂgn’hq, if ¢ is odd and (—1)" is a square,k <n
n—k
—1

T Tk if qis odd and (—1)" is not a square,k <n — 1.



These formulas show that the symplectic self-orthogonal [2n, k|, codes
are much more than the Euclidean self-orthogonal codes with the same pa-
rameters. For the self-dual codes in even q we have may nq = (¢" + 1)o2n.

4 Conclusion

In this extended abstract, we investigated the enumeration of linear codes
with prescribed Hermitian and symplectic hull dimensions, extending known
results for Euclidean hulls. Several directions for future research emerge from
our results. One such direction is a systematic comparison of the numbers
of linear codes with the same length and dimension but different types of
hulls, such as Euclidean, Hermitian, and symplectic hulls. Understanding
how the choice of inner product affects the distribution of hull dimensions
for fixed code parameters may reveal deeper structural differences between
these classes of codes.

Another promising direction is to complement the theoretical results of
this paper with a computational classification of quaternary linear codes
with respect to the Hermitian inner product. In particular, we may study
the distribution of Hermitian hull dimensions among inequivalent quaternary
codes of fixed length and dimension, with special emphasis on Hermitian
LCD and Hermitian self-orthogonal codes. For this purpose, we will use the
program GENERATION from the software package QEXTNEWEDITION [1].
We focus on the quaternary case since Fy is the only finite field for which
the equivalence relation preserves the Hermitian inner product which means
that equivalent codes have equivalent Hermitian hulls.
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