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Abstract

Intersecting codes are a well-established class of linear codes in the
Hamming metric, with deep connections to combinatorics, cryptog-
raphy, and information theory. Recently, their analogue in the rank
metric has been introduced, motivated by the growing relevance of
rank-metric codes. Although the definition of rank-metric intersect-
ing codes formally mirrors the Hamming-metric case, their structural
properties and parameter constraints exhibit markedly different behav-
ior. In a previous work, a geometric characterization of rank-metric
intersecting codes was established, leading to the general parameter
bounds 2k − 1 ≤ n ≤ 2m − 3 for a rank-metric intersecting code of
length n dimension k over Fqm . While the lower bound was shown to
be tight, the tightness of the upper bound was left open. In this paper,
we partially resolve this question by showing that the previously known
upper bound can be attained only in the case k = 3 and m ≥ 6, and
that in all other cases the maximal value is strictly smaller, revealing
a possible dependence on k.
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1 Introduction

Intersecting codes are a classical object in coding theory. In the Hamming
metric, a linear code is said to be intersecting if the supports of any two

∗martino.borello@univ-paris8.fr
†{olga.polverino,ferdinando.zullo}@unicampania.it

1



nonzero codewords share at least one coordinate; [KS83,Mik84]. Since their
introduction, intersecting codes have been studied extensively due to their
rich combinatorial structure and their connections to several areas such as
secret sharing schemes, oblivious transfer, separating systems, frameproof
codes, and additive combinatorics; see e.g. [Mas93, BCS02, Bla03, Ran13,
BSS25, PS11, Sco24]. In the binary case, intersecting codes coincide with
minimal codes, a class that has attracted significant attention over the past
decades.

In parallel, the theory of rank-metric codes has emerged as a central
topic in modern coding theory, driven both by applications, most notably in
network coding and post-quantum cryptography, and by deep connections
with finite geometry; see [BHL+22,PZ20,She19a]. Rank-metric codes admit
a natural geometric interpretation via q-systems, as shown in [Ran20] (see
also [She19b,ABNR22]). This viewpoint has proven particularly fruitful in
the study of extremal families such as MRD codes, minimal rank-metric
codes, and related structures (see [ABNR22,ZZ21]).

Motivated by these developments, [BBMS25] has introduced and inves-
tigated the notion of intersecting codes in the rank metric. In this
setting, a rank-metric code is said to be rank-metric intersecting if the rank
supports of any two nonzero codewords intersect nontrivially. While this
definition formally parallels the Hamming-metric case, the resulting class of
codes exhibits substantially different behavior. In particular, rank-metric in-
tersecting codes do not coincide with minimal rank-metric codes, although
the two families intersect, and their existence and structure depend in a
delicate way on the parameters of the code.

A key insight in the rank-metric setting is the geometric characteriza-
tion of intersecting codes in terms of q-systems proved in [BBMS25]. More
precisely, a rank-metric code is rank-metric intersecting if and only if its
associated q-system is not generated by the sum of its intersections with
two hyperplanes. This geometric viewpoint leads to nontrivial constraints
on the parameters of rank-metric intersecting codes, provides new construc-
tions beyond those arising from distance considerations alone, and reveals
the presence of parameter ranges where the existence problem remains open.
More precisely, the authors in [BBMS25] showed that for a rank-metric in-
tersecting code in Fn

qm of dimension k we have that

2k − 1 ≤ n ≤ 2m− 3.

The tightness of the lower bound was proved in the same paper, whereas the
tightness of the upper bound was left as an open problem. In this paper, we
show that the upper bound can only be reached if k = 3 and m ≥ 6.
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2 Preliminaries

2.1 Rank-metric codes and their geometry

Rank-metric codes were introduced by Delsarte [Del78] in 1978 as subsets of
matrices and they have been intensively investigated in recent years because
of their applications; we refer to [She19a,PZ20]. In this section we will be
interested in rank-metric codes in Fn

qm . The rank (weight) w(v) of a vector
v = (v1, . . . , vn) ∈ Fn

qm is defined as w(v) = dimFq(⟨v1, . . . , vn⟩Fq).
A (linear vector) rank-metric code C is an Fqm-subspace of Fn

qm

endowed with the rank distance, where such a distance is defined as d(x, y) =
w(x−y), where x, y ∈ Fn

qm . For details and applications we refer to [BHL+22,
GR18].

Let C ⊆ Fn
qm be a linear rank-metric code. We will write that C is an

[n, k, d]qm/q code (or [n, k]qm/q code) if k = dimFqm
(C) and d is its minimum

distance, that is d = min{d(x, y) : x, y ∈ C, x ̸= y}. Moreover, for any
i ∈ {1, . . . , n}, we define Ai(C) the number of codewords in C having weight
i.

By the classification of Fqm-linear isometries of Fn
qm (see [Ber03]), we say

that two rank-metric codes C, C′ ⊆ Fn
qm are (linearly) equivalent if there

exists a matrix A ∈ GL(n, q) such that C′ = CA = {vA : v ∈ C}. The codes
we will consider are nondegenerate, i.e. those for which the columns of
any generator matrix of C are Fq-linearly independent.

The geometric counterpart of a rank-metric code is the so-called q-
system. An [n, k, d]qm/q system U is an Fq-subspace of Fk

qm of dimension

n, such that ⟨U⟩Fqm
= Fk

qm and

d = n−max
{
dimFq(U ∩H) | H is an Fqm-hyperplane of Fk

qm

}
.

Moreover, two [n, k, d]qm/q systems U and U ′ are equivalent if there exists
an Fqm-isomorphism φ ∈ GL(k, qm) such that

φ(U) = U ′.

Thanks to the following result, we can construct a system starting from
a nondegenerate rank-metric code and conversely.

Theorem 2.1 ([Ran20,ABNR22]). Let C be a nondegenerate [n, k, d]qm/q

rank-metric code and let G be a generator matrix. Let U ⊆ Fk
qm be the

Fq-span of the columns of G. The rank weight of an element xG ∈ C, with
x ∈ Fk

qm is

w(xG) = n− dimFq(U ∩ x⊥), (1)

where x⊥ = {y ∈ Fk
qm : ⟨x, y⟩ = 0}. In particular,

d = n−max
{
dimFq(U ∩H) : H is an Fqm-hyperplane of Fk

qm

}
. (2)
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The above result allows us to give a one-to-one correspondence be-
tween equivalence classes of nondegenerate [n, k, d]qm/q codes and equiv-
alence classes of [n, k, d]qm/q systems, see [Ran20]. The system U and the
code C as in Theorem 2.1 are said to be associated and a system associated
with a code C will usually be written as UC .

An essential concept is the rank support of a codeword. Let Γ =
(γ1, . . . , γm) be an ordered Fq-basis of Fqm . For any vector x = (x1, . . . , xn) ∈
Fn
qm define the matrix Γ(x) ∈ Fm×n

q , where

xj =

m∑
i=1

Γ(x)i,jγi, for all j ∈ {1, . . . , n},

that is Γ(x) is the matrix expansion of the vector x with respect to the
Fq-basis Γ of Fqm and this clearly preserves its rank, i.e. w(x) = rk(Γ(x)).
The rank support of x is defined as the column span of Γ(x):

supp(x) = rowsp(Γ(x)) ⊆ Fn
q .

As shown in [ABNR22, Proposition 2.1], the support of a vector is in-
dependent of Γ, allowing us to talk about the support of a word without
reference to Γ. Let C be an [n, k]qm/q code, we define the support of C as
the vector sum of the supports of all the codewords of C, i.e.

supp(C) =
∑
x∈C

supp(x).

The support of the code C can be computed directly on C, without using a
fixed ordered basis.

2.2 Properties of Fq-subspaces in Fk
qm

It is well-known that Fk
qm can be seen as an Fqm-vector space of dimension

k and as an Fq-vector space of dimension mk. The theory of linear sets
is essentially based on the idea of studying Fq-subspaces of Fk

qm and how

they behave with respect to Fqm-subspaces of Fk
qm . For instance, given an

Fq-subspace U of Fk
qm and W an Fqm-subspace of Fk

qm , we define the weight
of W in U as

wtU (W ) = dimFq(W ∩ U).

A classical problem is the following: given the subspace U , what are the
possible weights of the subspaces of a fixed dimension with respect to U?
We refer to [Pol10,LVdV15] for more details. In this section, we will rephrase
some definitions and properties of linear sets in vector terms in order to fulfill
the scope of the paper. We start with the definition of scattered subspaces,
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originally introduced by Blokhuis and Lavrauw in [BL00]. An Fq-subspace
U of Fk

qm is said to be scattered if

dimFq(U ∩ ⟨v⟩Fqm
) ≤ 1,

for any v ∈ Fk
qm . The dimension of a scattered subspace is bounded as

follows.

Theorem 2.2 ([BL00]). Let U be a scattered Fq-subspace in Fk
qm , then

dimFq(U) ≤ mk

2
.

When considering 2-dimensional Fqm-subspaces W = P1 +P2 (where P1

and P2 are two distinct 1-dimensional Fqm-subspaces), from a simple linear
algebra argument we have that, for any Fq-subspace U ⊆ W ,

wtU (P1 + P2) ≥ wtU (P1) + wtU (P2).

If the equality holds we say that U is with complementary weights. This
definition was introduced in [NPSZ22] and extended in [AS24].

We conclude this section by describing the following duality operation,
which preserves Fqm-linearity when acting on the Fqm-linear subspaces.

Let σ : Fk
qm ×Fk

qm → Fqm be a nondegenerate reflexive bilinear form over

Fk
qm . Define σ′ : Fk

qm × Fk
qm → Fq by

σ′ : (u, v) 7→ Trqm/q(σ(u, v)) = σ(u, v) + σ(u, v)q + . . .+ σ(u, v)q
m−1

.

If we regard Fk
qm as an Fq-vector space, then σ′ turns out to be a nondegen-

erate reflexive bilinear form on Fk
qm . Let ⊥ and ⊥′ be the orthogonal com-

plement maps defined by σ and σ′ on the lattices of Fqm-linear and Fq-linear
subspaces, respectively. The following properties hold (see [Pol10, Section 2]
for more details).

Proposition 2.3. With the above notation,

(i) dimFqm
(W ) + dimFqm

(W⊥) = k, for every Fqm-subspace W of Fk
qm .

(ii) dimFq(U) + dimFq(U
⊥′
) = mk, for every Fq-subspace U of Fk

qm .

(iii) T1 ⊆ T2 implies T⊥′
1 ⊇ T⊥′

2 , for every Fq-subspaces T1, T2 of Fk
qm .

(iv) W⊥ = W⊥′
, for every Fqm-subspace W of Fk

qm .

(v) Let W and U be an Fqm-subspace and an Fq-subspace of Fk
qm of di-

mension s and t, respectively. Then

dimFq(U
⊥′ ∩W⊥′

)− dimFq(U ∩W ) = mk − t− sm,

i.e.

wtU⊥′ (W⊥)− wtU (W ) = mk − dimFq(U)−m dimFqm
(W ). (3)

5



3 Linear intersecting rank-metric codes

The notion of intersecting rank-metric code has been introduced in [BBMS25]
as follows.

Definition 3.1. A code C is rank-metric intersecting if for any c, c′ ∈
C \ {0} we have

supp(c) ∩ supp(c′) ̸= {0}.

In order to describe the geometric counterpart of these codes, we give
the following definition.

Definition 3.2. Let U be an [n, k]qm/q system. We say that U is 2-

spannable if there exist two Fqm-linear hyperplanes H1 and H2 in Fk
qm

such that
U = (H1 ∩ U) + (H2 ∩ U).

The authors in [BBMS25] proved that the geometric counterpart of an in-
tersecting rank-metric code is a system that does not satisfy the 2-spannable
property.

Theorem 3.3 (Theorem 3.4 in [BBMS25]). Let C be a nondegenerate
[n, k, d]qm/q code with a generator matrix G. The code C is rank-metric
intersecting if and only if UC is not 2-spannable.

Combining the geometric point of view and some results from [BSS25],
the authors in [BBMS25] provided some bounds on the length of a rank-
metric intersecting code.

Theorem 3.4 (Corollary 2.4 and Theorem 4.7 in [BBMS25]). Let C be a
nondegenerate [n, k, d]qm/q rank-metric intersecting code. Then

2k − 1 ≤ n ≤ 2m− 3.

Also, they showed constructions of rank-metric intersecting codes for a
large sets of the parameters.

Theorem 3.5 (Theorem 4.4 in [BBMS25]). There exists a nondegenerate
[n, k, d]qm/q rank-metric intersecting code if

2k − 1 ≤ n ≤ 2m− 2k + 1.

Clearly, the natural question that the authors left open (see [BBMS25,
Question 4.11]) regards the existence of these codes if the length is between
2m− 2k + 2 and 2m− 3, for k ≥ 3.
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4 Characterization of rank-metric intersecting codes
of length 2m− 3

We are going to give a geometric characterization of the rank-metric inter-
secting codes with maximum length 2m− 3 in the case k ≥ 3.

We start with the following characterization.

Proposition 4.1. Let U be an Fq-subspace of Fk
qm of dimension n. The

subspace U is not 2-spannable if and only if for any 2-dimensional Fqm-
subspace ℓ of Fk

qm the linear set ℓ ∩ U⊥′
is not complementary weight.

Proof. Clearly, U is not 2-spannable if and only if for any pairs of distinct
Fqm-linear hyperplanes H1 and H2 of Fk

qm we have

(H1 ∩ U) + (H2 ∩ U) ⊊ U.

Hence,
wtU (H1) + wtU (H2)− wtU (H1 ∩H2) < n.

From Equation (3), the above inequality reads as follows

wtU⊥′ (H⊥
1 +H⊥

2 ) > wtU⊥′ (H⊥
1 ) + wtU⊥′ (H⊥

2 ),

i.e. the intersection of U⊥′
with any 2-dimensional Fqm-subspace of Fk

qm is
not complementary weight.

We are now going to focus on the case of length 2m− 3.

Proposition 4.2. Let C be a nondegenerate [2m− 3, k, d]qm/q rank-metric

intersecting code with k ≥ 3. Then U⊥′
C is a scattered Fq-subspace.

Proof. Observe that U⊥′
C is an Fq-subspace of Fk

qm with dimension km −
2m + 3. By contradiction suppose that U⊥′

C is not scattered. Then there
exists P = ⟨v⟩Fqm

with v ∈ Fk
qm \ {0} such that w

U⊥′
C
(P ) = h ≥ 2. Every

2-dimensional Fqm-subspace of Fk
qm through P has weight at least h+2, oth-

erwise the intersection between such a 2-dimensional Fqm-subspace and U⊥′
C

is complementary weight, a contradiction to Proposition 4.1. This means
that the number of nonzero vectors in U⊥′

C is at least the number of vectors
in ⋃

W∈L
(W ∩ U⊥′

C ) \ P ∪ (P ∩ U⊥′
C ),

where L is the set of all the 2-dimensional Fqm-subspaces of Fk
qm through P .

Therefore, we get

q(k−2)m+3 − 1 ≥ qm(k−1) − 1

qm − 1
(qh+2 − qh) + qh − 1,
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from which we derive

qm(k−2)+3−h ≥ 1 +
qm(k−1) − 1

qm − 1
(q2 − 1),

and so

qm(k−1) − qm(k−1)+1−h + qm(k−2)+1−h − qm(k−1)−2 + qm−2 − 1 ≤ 0,

a contradiction.

Theorem 4.3. Let C be a nondegenerate [2m − 3, k, d]qm/q rank-metric
intersecting code with k ≥ 3. Then k = 3 and m ≥ 6.

Proof. Let UC be a system associated with C. By Proposition 4.2, we know
that U⊥′

C is a scattered Fq-subspace of dimension mk − 2m + 3 in Fk
qm .

Therefore, by Theorem 2.2 we have that

mk − 2m+ 3 ≤ mk

2
,

from which we derive that

k ≤ 4− 6

m
,

and so the assertion.

Therefore, we have the following characterization for rank-metric inter-
secting code of length 2m− 3.

Corollary 4.4. Let C be a nondegenerate [2m − 3, k, d]qm/q rank-metric
code with k ≥ 3. The code C is rank-metric intersecting if and only if the
following three conditions hold

• k = 3;

• m ≥ 6;

• U⊥′
C is a scattered subspace.

Proof. The necessary condition follows from Proposition 4.2 and Theorem
4.3. For the converse, observe that if U⊥′

C is a scattered subspace of dimen-
sion m+ 3 in F3

qm , then every two-dimensional subspace ℓ ⊆ F3
qm intersects

U⊥′
C in a scattered subspace of dimension at least 3. In particular, the inter-

section ℓ ∩U⊥′
C is not complementary weight. By Proposition 4.2, it follows

that UC is not 2-spannable. The claim now follows from Theorem 3.3.
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5 Some existence results

In this section we deal with existence results of nondegenerate [2m−3, k, d]qm/q

rank-metric intersecting code with k ≥ 3. As it has been shown in Theo-
rem 4.3, we need that k = 3 and m ≥ 6. Therefore, by Corollary 4.4, the
existence problem of a [2m− 3, 3, d]qm/q rank-metric intersecting code with
m ≥ 6 is now translated into the existence of a scattered Fq-subspace of F3

qm

of dimension m+3. Hence, we are going to recall some existence results for
scattered spaces, and we will derive some existence results on the related
rank-metric intersecting codes.

If m is even, we know that scattered Fq-subspaces of dimension 3m/2 in
F3
qm always exist as a consequence of the results in [BGMP18,CMPZ17].

Theorem 5.1 ([BGMP18,CMPZ17]). Suppose that m is even. Then there
exists a scattered Fq-subspace of dimension 3m/2 in F3

qm .

If m is odd, very few is know.
As a consequence of Corollary 4.4 and Theorem 5.1, we obtain the fol-

lowing existence result.

Corollary 5.2. Suppose that m ≥ 6 is even. There exists a nondegenerate
[2m− 3, 3, d]qm/q rank-metric intersecting code.

This shows that the upper bound in Theorem 3.4 is achieved for k = 3
and m ≥ 6.
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